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Abstract
In this thesis, techniques for high-precision synthesis of optical and microwave signals
and their distribution to remote locations are presented.
The first topic is ultrafast optical pulse synthesis by coherent superposition of
mode-locked lasers. Timing and phase synchronization of ultrabroadband Ti:sapphire
and Cr:forsterite mode-locked lasers is studied. Subfemtosecond (<0.4 fs) timing
synchronization over 12 h is demonstrated. In addition to the timing lock, phase
synchronization to a local oscillator with subfemtosecond accuracy (<0.5 fs) over 1000
s is achieved. Drift-free subfemtosecond timing and phase synchronization enables a
phase-coherent spectrum over 1.5 octaves that has a potential to generate single-cycle
optical pulses at 1 pm.
The second topic is long-term stable microwave signal synthesis from mode-locked
lasers. Although mode-locked lasers can produce ultralow-noise microwave signals
as a form of optical pulse trains, the transfer of stability from optical to electronic
domain is a highly non-trivial task. To overcome the limitations of conventional
photodetection, an optoelectronic phase-locked loop based on electro-optic sampling
with a differentially-biased Sagnac-loop is proposed. Long-term (>1 h) 3-mrad level
phase stability of a 10.225 GHz microwave signal extracted from a mode-locked laser
is demonstrated.
The third topic is timing stabilized fiber links for large-scale timing distribution.
Precise optical timing distribution to remote locations can result in synchronization
over long distances. In doing so, acoustic noise and thermal drifts introduced to the
fiber links must be cancelled by a length-correction feedback loop. A single type-
II phase-matched PPKTP crystal is used to construct a compact and self-aligned
balanced optical cross-correlator for precise timing detection. Using this correlator,
a 310 m long fiber link is stabilized with long-term sub-10 fs accuracy.
The final topic is photonic analog-to-digital conversion of high-frequency mi-
crowave signals. Sampling of high-frequency (>10 GHz) microwave signals is challeng-
ing due to the required aperture jitter below 100 fs. An optical subsampling down-
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converter for analog-to-digital conversion of narrowband high-frequency microwave
signals is studied. The measured signal to noise-and-distortion ratio of 1-Mbps sig-
nals at 9.5 GHz carrier frequency is 22 dB over 2 MHz bandwidth.
By integrating the demonstrated techniques, large-scale femtosecond-precision
timing distribution and synchronization systems can be implemented.
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Title: Professor of Electrical Engineering
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1-1 Time-frequency correspondence between the optical pulse train in the
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Chapter 1
Introduction
Ultrashort optical pulse generation has a rich history of more than 40 years. Recent
progress in ultrashort optical pulse technology has enabled the generation of sub-two-
cycle optical pulses with 5 femtoseconds (fs, 10-15 s) duration and octave-spanning
spectra directly from a mode-locked laser [1]. Traditionally, ultrashort optical pulses
from mode-locked lasers have mostly been used for time-resolved studies of ultrafast
phenomena on picosecond (ps, 10-12 s) and femtosecond time scales [2].
Recently, new insight into the frequency and noise characteristics of mode-locked
lasers has initiated intense research activities in new directions. In the frequency
domain, the pulse train from the mode-locked laser corresponds to millions of regularly
spaced frequency lines, which is called an optical frequency "comb." Figure 1-1 shows
the time-frequency correspondence between the pulse train and the frequency comb.
By stabilizing the spacing (repetition rate, frep) and the offset (carrier-envelope
offset frequency, fceo) of the frequency comb, one can measure an arbitrary optical
frequency with unprecedented accuracy [3, 4]. This frequency property of mode-
locked lasers has enabled precision frequency spectroscopy and provided a platform
for an optical atomic clock [5]. The importance of this technique was also recognized
by the 2005 Nobel Prize in Physics shared by John Hall and Theodor Hansch for their
contribution to the frequency comb technology [6].
As these frequency-domain techniques were developed and improved, they also had
an impact on the time-domain control of ultrashort pulses. In particular, the coupling
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Figure 1-1: Time-frequency correspondence between the optical pulse train in the time
domain and the frequency domain. The pulse train has a period of Trep, same as the
round-trip time (2L/c where L is the laser cavity length and c is the velocity of light)
in the laser cavity. In the frequency domain, this pulse train corresponds to regularly
spaced frequency lines whose bandwidth is inversely proportional to the pulse width
(Af - 1/At). The spacing corresponds to the repetition rate frep = 1/Trep, and
the entire frequency comb lines are shifted by an offset frequency named carrier-
envelope offset frequency, feo. Each comb line can be expressed as fm = mfrep + fceo
(m=integer). Figure is modified from Ref. [71.
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of time-domain and frequency-domain techniques became important for few-cycle op-
tical pulses. For few-cycle optical pulses, the pulse shape in the time domain critically
depends on the carrier-envelope phase stabilization, a concept mainly developed in the
frequency domain. In the last few years, phase-stabilized few-cycle optical pulses have
opened up new possibilities for various extreme light-matter interactions that directly
depend on the light electric-field oscillations, for example, high-harmonic generation
(HHG) for extreme ultraviolet (EUV) and soft x-ray pulse generation [8, 9].
Another interesting and important aspect of pulse trains from mode-locked lasers
is their excellent noise performance. The repetition rate of the pulse train shows
very low phase noise and timing jitter [10]. Due to its excellent noise performance, a
mode-locked laser has the potential to serve as a master clock for systems that require
stringent timing accuracy, such as (i) high-precision microwave signal synthesizer, (ii)
high speed (>GHz), high resolution optical sampling and analog-to-digital converters
(ADCs), (iii) phased array antenna systems, and (iv) large-scale optical clock signal
distribution and synchronization systems.
1.1 Today's Ultrashort Pulse Mode-Locked Lasers
Today state-of-the-art ultrashort pulse mode-locked lasers are developed with dra-
matic improvements pushing their limits in achieving shorter pulses, broader spectra,
higher pulse energy and peak power, higher repetition rate, and lower timing and
phase jitters: for example, shorter than 5 fs pulse duration [1], broader than octave
(600 nm to 1200 nm) optical spectrum [1, 11, 12], higher than 70 GHz repetition rate
[13], lower than 10 fs timing jitter [10 kHz, 10 MHz] in the free-running repetition
rate [14], and lower than 50 attoseconds (as, 10-18 s) residual carrier-envelope offset
phase jitter [15] have been recently demonstrated. In conjunction with the advance
in optical amplifiers, mJ-level pulses with less than 10 fs pulse duration, reaching
TW-level peak power, can be generated [16].
Among numerous types of mode-locked lasers, the Kerr-lens mode-locked Ti:sappphire
laser is arguably the most important laser source in today's ultrafast science and
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Figure 1-2: Pulse characterization and optical spectrum of the Ti:sapphire laser. (a)
Interferometric autocorrelation trace of 5-fs pulses. (b) Optical spectrum spans from
550 nm to over 1400 nm range. Figure reproduced from Ref. [1].
technology. Its broad gain spectrum and excellent mechanical and optical stability
enabled generation of less than 10 fs pulses in a 'routine' way from almost every
laboratory studying ultrafast phoenomena around the world. As shown in Fig. 1-2,
optical pulses with less than two cycles of oscillation with octave spanning optical
spectrum can be generated directly from the Ti:sapphire mode-locked lasers with
careful dispersion-control engineering by double-chirped mirror pairs [17]. Although
the 5 fs pulse is extremely short on its own, it further enables generation of even
shorter pulses by the HHG processes - most recently, an isolated 130 as EUV pulse
was generated from Argon gas driven by the electric field of 5 fs pulses at 800 nm
originated from a Ti:sapphire laser system [18].
A mode-locked laser is useful not only for producing extremely short optical pulses
but also for producing extremely low-noise pulses. Gain media such as Erbium (Er)-
and Erbium/Ytterbium (Er/Yb)-doped glasses and fibers are advantageous in achiev-
ing low-noise pulses owing to their long upper-state lifetime. In addition, at their
operating wavelength centered at 1550 nm, various telecommunication-grade com-
ponents are commercially available. Recent efforts toward using mode-locked lasers
as master oscillators for high-precision timing systems push toward building higher
repetition rate and lower noise Er- or Er/Yb-mode-locked lasers. Previously, a 750
MHz repetition rate Er/Yb-glass mode-locked laser locked to an external clock signal
resulted in 14 fs timing jitter integrated from 10 Hz to 375 MHz [19]. More recently, a
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Figure 1-3: (a) Relative intensity noise and (b) phase noise density (at 1 GHz) and
integrated timing jitter for 200-MHz soliton mode-locked Er-fiber laser. Figure re-
produced from Ref. [14].
200 MHz repetition rate soliton mode-locked Er-fiber laser is demonstrated with 0.003
% integrated intensity noise and less than 10 fs timing jitter integrated from 10 kHz
to 10 MHz [14] as shown in Fig. 1-3. These high repetition rate and low noise sources
have a promise for master oscillators in timing systems, photonic analog-to-digital
converters, and arbitrary optical waveform generators.
1.2 High-Precision Optical and Microwave Signal
Synthesis and Distribution
Although there has been remarkable progress in ultrafast laser technology, as overviewed
in Section 1.1, the real potential of this technology is not yet fully exploited. In partic-
ular, precise synchronization between multiple mode-locked lasers and/or microwave
sources with femtosecond and subfemtosecond accuracy may open up a new regime
of high-precision control and synthesis of optical and microwave signals. This the-
sis work is directed toward answering important questions regarding high-precision
control, distribution, and measurement of ultrashort optical pulses and microwave
signals, such as:
* Can we synthesize optical pulses that a single mode-locked laser cannot generate,
such as optical pulses with a duration of single optical cycle?
9 Can we synthesize microwave signals with ultralow timing jitter and excellent
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phase stability over extended periods of time (e.g., days) from mode-locked lasers?
* Can we distribute high-precision optical and microwave signals to remote loca-
tions without excess noise over long distances?
e Can we use optical pulse trains for sampling microwave signals to overcome the
bottleneck set by electronic jitters?
The next section shows a representative example how high-precision optical and
microwave signal synthesis and distribution can be applied in an integrated way in
real large-scale facilities requiring femtosecond precision.
1.2.1 Example: Large-Scale Timing Distribution and Syn-
chronization for Next Generation Light Sources
Seeding of free electron lasers operating in the EUV and soft/hard x-ray regime with
radiation generated from ultrafast laser sources, either directly, via nonlinear crystals,
or via high harmonics from noble gases, may result in a fully coherent x-ray laser. For
seeding of such large-scale facilities spanning over several hundreds meters to a few
kilometers, it is critical to synchronize low-level RF-systems, photo-injector lasers,
seed radiation and potential probe lasers with low timing jitter, preferably in sub-10
fs range, in a long-term stable arrangement [20].
For such large-scale timing distribution and synchronization systems, it is essential
to have (i) an ultra-low noise master oscillator, (ii) a means for dissemination of
timing signals to remote locations with minimal excess noise and drift, and (iii) tight
and drift-free synchronization of RF- or optical subsystems to the delivered timing
signal at each remote location. Conventional timing distribution based on coaxial
RF-cables can never achieve sub-10 fs accuracy, and a completely different approach
is required. As presented in Section 1.1, mode-locked lasers have the potential for
generating ultra low-jitter optical pulse trains [10, 21, 22], and serving as an optical
master oscillator for this application. The microwave signal is encoded in the pulse
repetition rate and its harmonics, and any harmonic component up to the detector
bandwidth can be recovered from the optical pulse train upon photodetection. The
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Figure 1-4: Schematic outline of a seeded X-ray free electron laser (XFEL). Tight
remote synchronization between various lasers and RF-systems inside the linear ac-
celerator is necessary for operating this facility.
use of optical signals as a means for timing delivery has an additional advantage
that it is more robust against electromagnetic interference (EMI) and temperature
drift in the accelerator facilities in comparison with RF-coaxial cables. Together with
timing-stabilized fiber links and multiple optoelectronic conversion units at remote
locations, a flexible timing distribution and synchronization system can be built with
a mode-locked laser as an optical master oscillator.
Figure 1-4 shows the schematic of the envisioned timing distribution and syn-
chronization system for the future next generation light sources, seeded x-ray free
electron lasers (XFELs). The pulse repetition rate of an optical master oscillator
implemented as a mode-locked laser is stabilized to an optical and/or microwave fre-
quency standard. The pulse train is distributed to all critical sub-systems, i.e., the
pulsed klystron, the photo-injector laser, the low-level RF systems for the linear ac-
celerator, the seed laser as well as probe lasers, by use of timing stabilized fiber links.
Finally, low-jitter, drift-free optical-to-RF and optical-to-optical synchronization be-
tween the distributed pulse trains and the remote RF- or optical subsystems will
result in a tightly synchronized timing system over the full scale of the accelerator
facility.
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1.2.2 Scope of the Thesis
The focus of this thesis is how to synthesize ultrafast optical signals and low-noise mi-
crowave signals by high-precision optoelectronic synchronization and distribute this
timing information over long distances. Although each technique forms an indepen-
dent topic and has different motivations and applications, by integrating all these
techniques, one can build a flexible and modular timing distribution and synchro-
nization system visualized in Fig. 1-5.
..- Synchronization RF-subsystem
(Chapter 3)
Microwave or Optical '' Optical-
adTiming-Stabilized (modelocked aser
IFiber Links
Low-bandwidth
lock (with piezo) (Chapter 4)
Optical Master --...-.
Oscillator Optical-to-Optica Optical-Oscillatortio subsyste(mode-locked laser) ) (mode-locked
Figure 1-5: Schematic outline of timing distribution and synchronization system.
Optical-to-optical synchronization for timing lock and pulse synthesis is presented in
Chapter 2. Optical-to-RF synchronization for low-jitter microwave signal synthesis
is presented in Chapter 3. Timing stabilized fiber links for timing distribution is
presented in Chapter 4. Optical sampling of narrowband high-frequency microwave
signals is presented in Chapter 5.
Ultrafast optical signal synthesis by coherent superposition of mode-locked
lasers
It has long been recognized that timing and phase synchronization of multiple mode-
locked lasers with overlapping spectra may synthesize shorter pulses by extended
effective spectra [23]. In particular, this technique has been expected as a promising
way to generate a single-cycle optical pulse, comprised of only one cycle of light
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oscillation, beyond the bandwidth limitations of a single mode-locked laser.
In this thesis research, timing and phase synchronization of ultrabroadband Ti:sapphire
and Cr:forsterite mode-locked lasers covering 1.5 octaves (600-1500 nm) is studied.
Subfemtosecond (<0.4 fs) timing (repetition rate) synchronization over 12 hours is
demonstrated. In addition to the timing synchronization, phase (carrier-envelope
offset frequency) synchronization to a local oscillator with subfemtosecond accuracy
(<0.5 fs) over 1000 seconds is demonstrated. Drift-free subfemtosecond timing and
phase synchronization enables a phase-coherent spectrum over 1.5 octaves that has a
potential to generate single-cycle optical pulses at 1 pum.
Long-term stable microwave signal synthesis from mode-locked lasers
Mode-locked lasers can produce very low jitter microwave signals in the form of optical
pulse trains [10, 21, 22]. However, the extraction of a clean micrwoave signal from the
pulse train is a highly non-trivial task. Recently, it was shown that the extraction of
a microwave signal from an optical pulse train using direct photodetection, the most
commonly used technique for microwave signal regeneration from optical pulses, is
limited in precision by excess phase noise [24]. In addition, a high temperature
sensitivity of the semiconductor photodetector (>300 fs/K is measured in Ref. [25])
limits the long-term stable operation.
In this thesis research, to circumvent the excess noise and to ensure long-term
stable operation, new techniques for microwave signal synthesis are demonstrated
using optoelectronic phase-locked loops. The phase error between the pulse train and
microwave signal is detected by electro-optic sampling and corrected in the optical
domain before photodetection is involved. A long-term (>1 hour) 3-mrad level phase
stability of a 10.225 GHz microwave signal extracted from a mode-locked laser is
demonstrated.
Timing stabilized fiber link for timing distribution
Precise optical timing distribution to remote locations is important for large-scale
facilities requiring high-precision synchronization. Acoustic noise and thermal drifts
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introduced to the distribution fiber must be canceled by a proper feedback loop. So
far, electronic techniques based on high-speed photodetectors and microwave mixers
are used to stabilize fiber links on a rather short-term time scale [26, 27]. The limited
resolution as well as thermal drifts of microwave components make it difficult to
stabilize links better than 100 fs in a long-term stable way.
In this thesis research, to overcome these limitations set by the performance of
microwave components and techniques, optical cross-correlation is used for high-
resolution and drift-free detection of timing errors between two optical pulses. A
single type-II phase-matched PPKTP crystal is used to construct a compact and
self-aligned balanced optical cross-correlator for precise timing detection. Using this
correlator, a 310 m long fiber link is stabilized with long-term sub-10 fs accuracy.
Optical subsampling downconverter for photonic analog-to-digital conver-
sion of narrowband high-frequency microwave signals
Sampling and analog-to-digital conversion of high-frequency (>10 GHz) microwave
signals is challenging due to the required aperture jitter below 100 fs. For example,
sampling of 40 GHz signal with 8-bit resolution needs sub-10 fs timing jitter. Due to
very low timing jitters from mode-locked lasers, photonic analog-to-digital converters
(ADCs) have been strongly pursued.
In this thesis research, in close collaboration with Prof. Michael Perrott's group,
an optical subsampling downconverter for analog-to-digital conversion of narrowband
high-frequency microwave signals is studied. The demonstrated maximum signal
to noise ratio (SNR) and signal to noise-and-distortion ratio (SNDR) of a 1-Mbps
GMSK signal downconverted from a 9.5 GHz carrier are 32 dB and 22 dB over 2 MHz
bandwidth, respectively. With improved optical components, the SNDR performance
may reach up to 54 dB.
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Chapter 2
Ultrafast Optical Signal Synthesis
by Coherent Superposition of
Mode-Locked Lasers
2.1 Motivation
Recent advances in few-cycle optical pulse technology initiated a new field of research,
extreme nonlinear optics, which is the study of light-matter interactions depending
on the carrier-envelope phase of the electric-field [28]. The representative example
of such extreme light-matter interactions is high-harmonic generation (HHG) for ex-
treme ultraviolet and soft x-ray pulse generation [9]. For further investigations and
applications of such phase-sensitive phenomena [29, 30, 31, 32, 33, 34, 35, 36, 37],
a single-cycle optical pulse, comprised of only one cycle of the light oscillation, is
currently pursued in many laboratories.
Recently, single-cycle pulse trains spanning the visible to ultraviolet range have
been generated by cascaded difference frequency generation of two Q-switched lasers
with a vibrational transition in D2 [38]. Broadband optical parametric amplification
in BBO has been used to generate close to single-cycle optical pulses at 1 um [39].
External compression techniques based on spectral broadening and adaptive disper-
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sion compensation also generated sub-4 fs optical pulses approaching the single-cycle
regime [40, 41, 42]. However, these systems are either very-high-repetition rate sys-
tem with a pulse-to-pulse separation of only 11 fs [38] or low-repetition rate system
with limited beam quality [39, 42]. An isolated, truly single-cycle optical pulse with
excellent temporal and spatial quality has not been achieved to date.
The combination of phase-stabilized lasers has been long recognized as a way
to synthesize ultrashort optical pulses with durations down to half an optical cycle
using multiple single-frequency or mode-locked lasers (see Ref. [23] and references
therein). To synthesize single-cycle optical pulses, several groups [43, 44, 45, 46, 47]
have worked on the synthesis of optical combs spanning the visible to the infrared
range from mode-locked Ti:sapphire and Cr:forsterite lasers. However, previous work
could not synthesize single-cycle pulse due to their limited bandwidth and/or large
residual timing/phase jitters and drifts.
Figure 2-1 shows the concept of phase-coherent superposition of two independent
mode-locked lasers in (a) the frequency domain and (b) the time domain, with an
example of a 5-fs Ti:sapphire laser (centered at 830 nm) and a 20-fs Cr:forsterite laser
(centered at 1250 nm). In the frequency domain, to synthesize a phase-coherent fre-
quency mode comb over the entire spectral range, the spacing (repetition rate, frep)
and offset (carrier-envelope offset frequency, fceo) of each comb should be matched,
i.e., frep1 i frep2 and fcei = fceo2. In the time domain, the envelope timing and the
electric-field phase of each pulse should be matched. The envelope timing matching
corresponds to the repetition rate synchronization (also simply called timing synchro-
nization). The electric-field phase matching corresponds to the carrier-envelope offset
frequency synchronization (also simply called phase synchronization). The resulting
pulse has a constructive interfered peak part, while the wing parts are destructively
interfered. This results in an effective shortening of the synthesized pulse.
The motivation of coherent pulse synthesis is not limited specifically to the single-
cycle pulse generation. More generally, it forms the key technique to synthesize
'arbitrary' optical waveforms with special shapes of optical spectra [48] that a single
mode-locked laser cannot generate. In addition, in optical timing distribution and
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Figure 2-1: Phase-coherent superposition of two independent mode-locked lasers. (a)
In frequency domain, the repetition rate frep and the carrier-envelope offset frequency
fceo should be matched, i.e., frepi = frep2 and fceoi = fceo2. (b) In time domain, the
pulse envelope and the electric-field phase should be aligned in such a way that the
peak part is constructively interfered while the wing parts are destructively interfered.
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synchronization systems shown in Section 1.2, tight optical-to-optical synchroniza-
tion between different optical subsystems are required. Therefore, investigating the
timing and phase locking mechanisms of the mode-locked lasers and developing new
techniques for high-precision synchronization can provide very useful toolbox in the
ultrafast science and technology.
2.2 System Overview
Figure 2-2 shows the schematic of the pulse synthesis system by coherent superpo-
sition of broadband mode-locked lasers. An ultrabroadband Ti:sapphire laser (Ti:sa
in Fig. 2-2) and a broadband Cr:forsterite laser (Cr:fo in Fig. 2-2) are generating
optical pulses with 600-1200 nm and 1100-1500 nm spectra, respectively. After their
extra-cavity dispersion is precompensated (by -GDD 1 and -GDD 2 in Fig. 2-2), two
pulses are combined at the ultrabroadband 50:50 beaim splitter (Combining Beam-
splitter in Fig. 2-2). Because this beamsplitter will act as an effective output coupler
of the pulse synthesis system, it is very important to have well-controlled transmis-
sion (reflection) and dispersion characteristics over the whole combined spectral range
(600-1500 nm). For the repetition rate (frep) synchronization, an optical technique
named balanced optical cross-correlation is used to detect the timing error between
two pulses with ultrahigh timing resolution and drift-free operation. Drift-free sub-
femtosecond synchronization is realized over 12 hours. Once a tight repetition rate
synchronization is obtained, a heterodyne beat signal between the two lasers in the
overlapped spectral range (at 1120 nm) is obtained. This beat signal corresponds to
the difference in the carrier-envelope offset frequencies (Afceo = fceoi - fceo2) of two
lasers. When the beat signal is locked to DC by modulating the pump power of the
Ti:sapphire laser with an acousto-optic modulator (AOM), it closes the pulse synthe-
sis process. In the following sections, each of the key components and techniques will
be explained.
In Section 2.3, the construction and measured performance of the ultrabroadband
Ti:sapphire and Cr:forsterite lasers are presented. The intensity noise characteristics
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Figure 2-2: System overview of the pulse synthesis system by coherent superposition
of two mode-locked lasers. Cr:fo, Cr:forsterite mode-locked laser; Ti:sa, Ti:sapphire
mode-locked laser; -GDD 1 , extra-cavity dispersion precompensation for Cr:forsterite
laser; -GDD 2 , extra-cavity dispersion precompensation for Ti:sapphire laser; Afce,
difference in the carrier-envelope offset frequency between two lasers; Afrep, difference
in the repetition rate between two lasers; AOM, acousto-optic modulator; PZT, piezo-
electric transducer. Solid and dashed lines represent optical and electrical signal
paths, respectively.
and its suppression with a noise eater follow in Section 2.4 In Section 2.5, the design
and characterization of the ultrabroadband 50:50 beamsplitter with matched group
delay dispersion are introduced. Subfemtosecond repetition rate synchronization with
a balanced cross-correlator is explained in Section 2.6. Finally, carrier-envelope phase
synchronization results are presented in Section 2.7.
2.3 Ultrabroadband Mode-Locked Lasers
Building stable and broadband mode-locked lasers with overlapping spectra is the first
and still most important step in the pulse synthesis. To ensure long-term stable and
broadband operation, both lasers were constructed as prism-less cavities. The intra-
cavity dispersions were compensated by the combination of double-chirped mirrors
(DCMs) [49] and thin wedges of glass material.
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Figure 2-3: Schematic of the octave-spanning Ti:sapphire laser. DCM1, DCM7 type
I; DCM2, DCM7 type II; SM, silver mirror; OC, output coupler.
2.3.1 Octave-Spanning Ti:sapphire Laser
Since its first Kerr-lens mode-locked operation in 1991 [50], the Ti:sapphire laser has
revolutionized ultrafast optics. It can generate the shortest pulses (5 fs) and the
broadest octave spanning spectrum (600-1200 nm) directly from the laser oscillator.
It is a natural choice to use this laser for the single-cycle pulse synthesis experiment.
The Ti:sapphire laser design is similar to the previous prism-less designs in Refs.
[12] and [51]. Figure 2-3 shows the schematic of the Ti:sapphire laser. The pulse
generation mechanism is based on dispersion-managed mode-locking [52], and it is
very important to keep the intra-cavity dispersion of the laser in a well-controlled way
to generate the shortest pulses with the broadest spectrum. The negative group delay
dispersion (GDD) is generated by dispersion compensating mirrors named double-
chirped mirrors (DCMs) to compensate strong positive GDD of the laser crystal.
Two types of DCMs (labelled as DCM1 and DCM2 in Fig. 2-3) are used in pairs to
cancel the oscillation in the group delay (GD) by a phase shift of ir between paired
mirrors. As a result, the resulting group delay (GD) and the corresponding group
delay dispersion (GDD) over an octave spectral range (600-1200 nm) have smooth
profiles without oscillation as shown in Ref. [17]. The fine tuning of intra-cavity
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dispersion is done by inserting and de-inserting a thin wedge of BaF2 . The use of
BaF 2 is especially advantageous because 1 mm of BaF 2 has almost identical GDD
as 1.85 m of air. The dispersion for the round trip of each arm with respect to the
center of the Ti:sapphire crystal is balanced to achieve the broadest spectral output
[52]. To lock the repetition rate of the laser, one small (3mm diameter) mirror is
mounted on a fast piezoelectric transducer (PZT) and the other mirror is mounted
on a slow PZT. Finally, the output coupler is fabricated with high index contrast
material, ZnSe (n = 2.52)/MgF 2 (n = 1.38) Bragg stack to achieve broad spectral
range.
The repetition rate of the Ti:sapphire laser is set to 81.7 MHz. It emits -70 mW
average power when pumped with 4.5 W from a 532 nm pump laser. The optical
spectrum spans from 600 nm to over 1200 nm at -30 dB level from the peak (see
Fig. 2-4 (a)) with a transform-limited pulsewidth of ~4 fs assuming zero phase over
the entire spectrum. Figure 2-4 (b) shows the measured interference autocorrelation
(IAC) trace. The pulse retrieval based on the Phase and Intensity from Correlation
And Spectrum Only (PICASO) algorithm [53] shows that the retrieved pulsewidth
is about 5.8 fs. It is longer than the transform limited pulsewidth, and imperfect
extra-cavity dispersion compensation and residual intra-cavity nonlinear chirp might
be the reason for this discrepancy.
The laser operation is very stable when the alignment is set at the right condition.
Typically, the mode-locking was kept more than several hours in a routine way. This
long-term stability of the laser enables more than 12 hours drift-free subfemtosecond
timing synchronization, as will be shown in Section 2.6.
2.3.2 Broadband Cr:forsterite Laser
The Cr:forsterite laser, since its first lasing in 1988 [54], has attracted great interest as
a broadband light source at 1.3 pm [55] for fiber optic characterization and biomedical
imaging [56]. However, the starting and stabilization of Cr:forsterite mode-locked
laser is known as difficult due to strong thermal loading and low gain of Cr:forsterite
crystal [57, 58, 59, 60].
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Figure 2-4: (a) Measured optical spectrum of the output from the Ti:sapphire laser.
The spectrum spans octave from 600 nm to 1200 nm at the -30 dB level from the peak.
The transform limited pulsewidth is -4 fs. (b) Measured interference autocorrelation
trace of the output from the Ti:sapphire laser. The retrieved pulsewidth is -5.8 fs.
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Figure 2-5: Schematic of the broadband Cr:forsterite laser. SBR, saturable Bragg
reflector; HR, high reflectance mirror.
Despite of its difficulty in operation, the Cr:forsterite laser is still a very attractive
choice to synchronize with the Ti:sapphire laser. Its broad spectral coverage from 1100
nm to 1500 nm enables 1.5 octaves when it is combined with the octave-spanning
Ti:sapphire laser. Its spectral overlap in 1100-1200 nm range also enables an easy
detection of the difference in the carrier-envelope offset frequency (Afceo) between
the two lasers.
The schematic of the broadband Cr:forsterite laser is shown in Fig. 2-5. Both the
saturable absorber mode-locking by a saturable Bragg reflector (SBR) and the pure
Kerr-lens mode-locking (KLM) are tested.
The use of a saturable absorber can greatly improve the stability of the mode-
locked laser. An SBR made of a broadband 40 nm thick InGaAs saturable absorber
on a large area, high-index contrast AlGaAs/AlxOy mirror [61] is used at the one end
of the cavity. The focus size onto the SBR is set to ~300 pm diameter.
The KLM can, in general, achieve the shortest output pulse with the broadest
spectrum from the mode-locked laser. By replacing the SBR to the high reflecting
mirror and changing the laser cavity condition to the inner edge of the outer stability
region, a KLM based Cr:forsterite laser is built and tested.
The used Cr:forsterite crystal (from Scientific Materials Inc) has a length of 10
mm. The crystal length is five times longer than the Ti:sapphire case mainly because
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of the low gain of the Cr:forsterite material. To avoid the effect of thermal loading
and lensing in the crystal, it is cooled to 5 'C. The CaF 2 wedges are used to fine-tune
the intra-cavity dispersion, similar to the case of BaF 2 wedges in the Ti:sapphire laser.
More detailed information on designing and building Cr:forsterite lasers can be found
in Ref. [62].
When it is mode-locked, the laser emits ~40 mW (SBR-ML case) and ~60 mW
(KLM case) of average power when pumped with 6 W from a 1064 nm pump laser.
The output power difference between SBR-ML case and KLM case originates from the
insertion loss of the SBR (about 1-2 %). Figure 2-6 (a) shows the optical spectrum
for SBR-ML and pure KLM cases. For both conditions, the 3-dB bandwidth is about
90 nm, corresponding to a transform-limited pulsewidth of ~21 fs. This is one of
the broadest spectra achieved with SBR-ML mechanism from the Cr:forsterite laser
[63]. It is believed that the SBR-ML laser is further assisted by the KLM, and this
leads to as much broad spectrum as the pure KLM laser. Figure 2-6 (b) shows the
measured IAC trace. The retrieved pulsewidth using the PICASO algorithm shows
that the pulsewidth is about 26 fs. The nonlinear spectral chirp built in the laser
cavity is responsible for this pulsewidth discrepancy. This can be fixed by a proper
extra-cavity compensation. For the pulse synthesis system, the SBR-ML Cr:forsterite
laser is used. It is self-starting and much more robust than the pure KLM case, with
broad optical spectrum over 90 nm bandwidth. With the help of the SBR, the laser
can be routinely operated over 12 hours time scale.
2.3.3 Extra-Cavity Dispersion Precompensation
For a pulse synthesis in the time domain, the extra-cavity dispersion must be compen-
sated. In this system, the dispersion is precompensated before the pulses from each
laser are combined. This enables easier dispersion compensation by use of chirped
mirrors and glass plates than in the overall combined output over 1.5 octaves.
For the Ti:sapphire laser, extra-cavity dispersion between the laser output and the
pulse characterization setup is caused by 2.35 mm of fused silica (from substrates of
output coupler and beamsplitters) and 3.73 m of air. The extra-cavity second order
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Figure 2-6: (a) Measured optical spectra of the output from the Cr:forsterite laser.
The black-solid and red-dashed curves represent SBR-ML and KLM cases, respec-
tively. For both cases, the spectra range from 1100 nm to 1500 nm at the -30 dB level
from the peak. The transform limited pulsewidth is ~21 fs for the SBR-ML case. (b)
Measured interference autocorrelation trace of the output from the Cr:forsterite laser
when mode-locked by an SBR. The retrieved pulsewidth is ~26 fs.
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Figure 2-7: Extra-cavity precompensation calculation result for Ti:sapphire laser: (a)
second order dispersion and (b) third order dispersion.
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Figure 2-8: Extra-cavity precompensation calculation result for Cr:forsterite laser:
(a) second order dispersion and (b) third order dispersion.
dispersion (D 2) is +190 fs2 at 800 nm. The extra-cavity D 2 can be compensated
within ±10 fs2 precision from 600 nm to 1100 nm using 4 bounces on DCMs (2
bounces on DCM1 and 2 bounces on DCM2) and 1.48 mm of BaF2 . Figure 2-7 shows
the calculated (a) second order and (b) third order dispersion after compensation.
For the Cr:forsterite laser, 4.53 mm of fused silica and 3.73 m of air should be
compensated. The corresponding D2 is +60 fs 2 at 1250 nm. By use of 4.5 mm of BaF2
and one bounce on the DCM for a Cr:forsterite laser, the D2 can be compensated
within ±10 fs2 from 1150 nm to 1500 nm. Figure 2-8 shows the calculated (a) second
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Figure 2-9: Combined optical spectra from Ti:sapphire and Cr:forsterite lasers. The
red box (15nm wide, centered at 1120 nm) indicates the spectral range where the
heterodyne beatnote between the two lasers is measured.
order and (b) third order dispersion after compensation.
2.3.4 Combined Optical Spectra
With a 50:50 ultrabroadband beamsplitter (presented in Seciton 2.5), the two pulsed
beams from the Ti:sapphire and Cr:forsterite lasers are spatially combined. The com-
bined spectrum spans 1.5 octaves from 600 nm to 1500 nm at -30 dB level measured
from the peak. There is a strong spectral overlap in wavelength range 1100-1200nm,
which enables a simple direct detection of the difference in carrier-envelope offset
frequency (Afceo) without using lf-2f or 2f-3f interferometers [47]. The transform-
limited pulse width of the combined spectra is about 3 fs. At the center wavelength
1 pm, this corresponds to less than one cycle of the light oscillation (-0.9 cycles).
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2.4 Intensity Noise Characteristics and Noise Eater
For subfemtosecond timing and phase synchronization, the intrinsic noise of the free-
running Ti:sapphire and Cr:forsterite laser should be minimal. In particular, the
contribution from high frequency noise beyond the PZT and AOM bandwidths (-100
kHz) should be subfemtosecond range for both timing and phase jitters. The noise
contribution is up to a few times of the relaxation oscillation frequency of the laser
[64]. Since the relaxation oscillation frequencies are roughly 70 kHz and 140 kHz
for Ti:sapphire and Cr:forsterite lasers respectively [441, the noise contribution above
1 MHz is negligible. This result is confirmed by the relative intensity noise (RIN)
measurement in the next subsection.
The major contribution is from the amplitude-to-timing/phase conversion of the
intensity noise of pump laser into the timing and phase jitters in the laser oscillator.
These processes are formulated in Appendix A, and the impacts of intra-cavity energy
change on the carrier-envelope offset frequency and repetition rate are formulated in
Eqs. (A.12) and (A.14). It is important to characterize the intensity noise of the
pump lasers and reduce it as much as possible to reduce residual timing/phase jitter.
In Section 2.4.1, the RINs of 532nm pump laser (for Ti:sapphire laser), Ti:sapphire
laser output, 1064nm pump laser (for Cr:forsterite laser) and Cr:forsterite laser output
are measured. Since the noise contribution is dominant from the 1064nm pump laser,
in Section 2.4.2, a "noise eater" is designed and implemented to reduce the intensity
noise.
2.4.1 Relative Intensity Noise (RIN) of Lasers
The relative intensity noise (RIN) is defined as
RIN = < Pn(t) > (2.1)
< po >2
where the total optical power is p,(t) =< Po > +prin(t) with < prin(t) >= 0 [65].
The RINs of the 532 nm frequency-doubled Nd:YVO 4 laser (Ti:sapphire pump
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Figure 2-10: Relative intensity noise (RIN) of 532nm pump laser (for Ti:sapphire
laser), Ti:sapphire laser output, 1064nm pump laser (for Cr:forsterite laser) and
Cr:forsterite laser output.
laser) and the Ti:sapphire laser are measured with a 10 MHz bandwidth amplified
Si-photodetector. The RINs of the 1064 nm Nd:YVO 4 laser (Cr:forsterite pump laser)
and the Cr:forsterite laser are measured with a 10 MHz bandwidth amplified InGaAs-
photodetector. Figure 2-10 shows the collection of measured RIN densities from 1 Hz
to 10 MHz.
This measurement clearly shows that the 1064nm pump laser has much higher
intensity noise than the 532nm pump laser. The integrated relative power fluctuation
from 1 Hz to 1 MHz is 0.038 % and 0.3 % for the 532nm and 1064nm pump lasers,
respectively. The integrated relative power fluctuations in the same bandwidth for
the Ti:sapphire and Cr:forsterite lasers are 0.016 % and 0.85 %, respectively.
The perturbations in pump intensity cause fluctuations in amplitude, phase, cen-
ter frequency and timing of the intra-cavity pulse. The dominating perturbation is
the self-steepening of the pulse, and it was experimentally confirmed that the carrier-
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Figure 2-11: Schematic of the noise eater for the Cr:forsterite laser.
envelope offset frequency fluctuation is dominated by the amplitude-to-phase conver-
sion of the pump intensity noise [66]. Therefore, one should keep the intensity noise
from the pump laser as low as possible to achieve subfemtosecond synchronization
between the two lasers. Because the intensity noise is dominated by the Cr:forsterite
laser, in the next section, a noise eater is designed and implemented to suppress this
intensity noise.
2.4.2 Noise Eater with a Pockels Cell
Figure 2-11 shows the schematic of the noise eater for Cr:forsterite laser. In essence
it is an amplitude regulation feedback loop using an intensity modulator in the pump
beam. Both electro-optic modulator (EOM) and acousto-optic modulator (AOM)
can be used for intensity modulation. An EOM-type modulation is chosen to enable
broadband operation because an AOM limits a feedback bandwidth less than 100 kHz
caused by a phase shift from the travelling time of acoustic waves. Although the EOM
provides enough bandwidth, the commercially available intensity-modulating EOMs
turned out to be unsuitable due to their limited aperture sizes and severe thermal
problems that prevent a stable operation of the Cr:forsterite laser. To implement the
intensity modulation, a Pockels cell biased by a quarter-wave plate (QWP) is used.
The use of QWP for the biasing enables the operation of the Pockels cell at the zero
voltage bias condition and remove high voltage (>1 kV) biasing of the Pockels cell.
This simplifies the driving of the Pockels cell.
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Here, the biasing of the Pockels cell and the modulation slope are derived using
Jones matrices calculation. The Jones matrix of each component is
QWP
Q= 1
where Oq is the QWP angle,
Pockels cell
[1 + j cos(2 W,)j sin(2Wq) j sin(2(pq)1 - jcos(2pq)
e
3 l cos 2 # + e-i sin2
C{2,4} = jsin(i) sin 2#
j sin( 1 ) sin 2q
e3 2sin 2 +e 2cos2
where F is the phase difference between the fast and slow axes and # is the orientation
angle of the Pockels cell,
Polarizer
cos 2 0 cos 0 sin 0
cos 0 sin 0 sin2 0
(2.4)
where 0 is the polarizer angle.
The overall Jones matrix of the QWP-Pockels cell-polarizer (x-axis polarized) is
1 [ cos2  + - sin2 4 j sin( ) sin 20 1 + j cos(2pq)POCQ= [ 0 0
v 2 00 J .sin(2Wq)
j sin(2(pq)
1 - j cos(2pq)
(2.5)
When # = 7r/4 and F = KV, where V is the driving voltage of the Pockels cell,
1 + j cos( 2 pq)
jsin(2pq)
j sin(2p,)
1 - j cos(20q)
For the x-axis polarized input light, the projected output electric field is
(cos(') - sin(f-K) sin(2 0q)) + j cos(L Vf) cos(2p0q)
0 .
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1PoCQ = cos(l1 1)2
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Figure 2-12: Calculated biasing condition and modulation slope as a function of QWP
angle.
At V=O (zero bias voltage), the power transmission is
JEt 12 1 O2 28T = _ 
- -(1 +- cos2 (2pq)), (2.8)
and the modulation slope is
OT K (2
___ - sin(2 ) sin(2oq).(av V= 2 sl\ q 2 V, 29
Figure 2-12 shows the calculated transmission and modulation slope as a func-
tion of QWP angle ((pq). The bottom figure shows the voltage necessary for 1 %
transmission change when V, is 3.4 kV.
Figure 2-13 shows the noise suppression result using a noise eater. In Fig. 2-13(a),
the feedback bandwidth is only about 10 kHz. This is caused by the resonance at
100 kHz of the Pockels cell. The used DKDP Pockels cell has piezoelectric resonances
which prevent increasing the gain beyond 100 kHz. The integrated noise from 100
kHz to 1 MHz contributes more than half of the total integrated noise from 10 Hz to
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Figure 2-13: Noise suppression result by a noise eater. (a) RIN suppression of the
Cr:forsterite laser output at 1120 nm. (b) Time-trace measurement of the Cr:forsterite
laser output when the noise eater is on and off. Both are measured with a 10 MHz
bandwidth InGaAs photodetector.
1 MHz, and it is important to extend this bandwidth up to 1 MHz to fully suppress
the carrier-envelope offset frequency fluctuations originated from the intensity noise.
A Pockels cell with an RTP or a BBO crystal with damped piezo resonances will be
tested in the near future to avoid this bandwidth reduction by resonances. Although
the high frequency part is not fully suppressed, the slow drift is well removed as shown
in Fig. 2-13(b). Without noise eater, more than 2 % power change is observed in one
minute. This power fluctuation can be removed by the noise eater.
2.5 Ultrabroadband Beam Splitter with Matched
Group Delay Dispersion
2.5.1 Introduction
As the pulse width of femtosecond lasers becomes shorter and shorter, the spectral
range increases dramatically. Currently, pulses with octave-spanning spectra in the
range of 600-1200 nm can be directly generated from mode-locked lasers [1, 11, 12,
67]. The characterization of such extremely short pulses, comprised of less than
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two cycles of light, using an interferometric auto-correlator (IAC) or the SPIDER-
method [68] requires ultrabroadband beam splitters for combining and splitting the
pulses without spectral and spatial distortions. Ultrabroadband beam splitters are
also necessary for the pump-probe spectroscopy experiments with few-cycle optical
pulses. Furthermore, for single-cycle optical pulse synthesis described in this Chapter,
a beam splitter with well-controlled characteristics over the whole combined spectral
range is necessary.
When the spectral range of interest increases beyond one octave, conventional
metallic beam splitters show considerable loss and strong wavelength dependence
in reflection and transmission due to the wavelength dependent penetration depth
into the metal. Conventional dielectric beam splitters based on quarter-wave Bragg
stacks cannot support such broad spectra. Therefore it is highly desirable to design
a broadband beam splitter based on chirped multi-layer dielectric thin-film coatings
deposited on a substrate.
For the pulse synthesis system shown in Fig. 2-2, the pulses from both lasers
are combined at the beam splitter (labelled as "Combining Beamsplitter" in Fig.
2-2). The combination of both laser outputs by an in-loop beam splitter is of key
importance for a long-term drift-free operation of the combined system. When the
timing and phase locking loops are closed, this beam splitter will effectively serve as
an output coupler of the pulse synthesis system. For efficient ultrabroadband pulse
combining, we need not only constant reflectance and transmittance over the whole
controlled spectral range but also well-controlled group delay dispersion (GDD) for
any input-output combinations. These conditions are fulfilled, as will be shown later,
by matching the dispersion in reflection from the coating with that of the single
pass transmission through the substrate while keeping the coating reflection con-
stant over the interested spectral range. In this section, a broadband 50:50 beam
splitter (ranging 600-1500 nm) with matched group delay dispersion is designed, fab-
ricated, and used for combining and splitting pulses in the coherent pulse synthesis
setup. Furthermore, this 50:50 splitting ratio also enables the locking of the differ-
ence carrier-envelope frequency (Afce,) via homodyne detection at the beam splitter,
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which stabilizes the relative carrier-envelope phase in a long-term stable way as will
be shown in Section 2.7.
2.5.2 Design Idea and Result
The design goal is a broadband beam splitter with a constant transmission (and
reflection) and a well-controlled dispersion over the spectral range of interest identical
for reflection or transmission through the beam splitter. This goal can be achieved
when the GDD for reflection from the coating (from port 1 to port 4 in Fig. 2-14) is
matched with the GDD for a single pass in the substrate. In this condition, the GDD
for any combination of input and output can be matched over the whole wavelength
range.
® thin-film coating
R1 -substrate
0R2
T1
©
Figure 2-14: Schematic of a beam splitter.
Let us denote the GDD of the coating between the air and the substrate interfaces
with reflection RI (from port 1 to 4 in Fig. 2-14), transmission T1 (from port 1 to 3
in Fig. 2-14), reflection R2 (from port 2 to 3 in Fig. 2-14), and transmission T2 (from
port 2 to 4 in Fig. 2-14) by GDDRl, GDDTl, GDDR2 , and GDDT2 , respectively. In
the design we will match the group delay dispersion for a single-pass in the substrate,
GDDs, with that of the coating reflection, i.e., GDDs = GDDRl.
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The GDD for each optical path through the total beam splitter, i.e., coating plus
substrate, is then given by:
GDD(1
GDD(1
GDD(2
GDD(2
ai
port 1
bi
-+4)
-+3)
-*3)
-+4)
GDDR1 = GDDs,
GDDTl + GDDs,
GDDR2 + 2GDDs,
GDDT 2 + GDDs.
b2
port 2
a2
Figure 2-15: Lossless coating represented as a two-port system.
The transfer matrix for a lossless coating requires relationships between the group
delay dispersion in reflection and transmission. The transfer matrix of a lossless
coating described as a two-port system (see Fig. 2-15), is written as
a I __ t a2
b 1 j [ j b2 (2.10)
where r1 and ti are the complex coefficients for reflection and transmission at port
1 assuming reflection free termination of port 2. Then the transmission and reflec-
tion coefficients and their phases at port 2 have a relationship with those at port 1
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lossless
coating
[ T ]
according to
t2 =- ti, t2 = Oti (2.11)
b2 a1=0
r2=a2 t1r71
2  t* ' (r2= 20t, - #r, + 7. (2.12)b2 a-=0
Since the GDD is determined by GDD = -d 2 5/dw2 , the following relationships
are generally valid for the lossless coating of the beam splitter in Fig. 2-14:
GDDT2 = GDDT1,
GDDR2 = 2GDDT1 - GDDR1.
Finally, over the wavelength range of constant transmission, which is the condition
we aim to achieve for broadband beam splitter, the GD for transmission through
the coating, GDTI, is almost constant because the transmission through a dielectric
coating is subject to Kramers-Kr6nig relation [69]. Therefore, the corresponding GDD
is negligible: GDDTl ~ 0.
With these additional conditions for a lossless and constant transmission coating,
the GDD for each beam path becomes identical:
GDD(1 
- 4) = GDDS,
GDD(1 -+3) = GDDTl + GDDs = GDDs,
GDD(2 3) = GDDR2 + 2GDDs = 2GDDT1 - GDDR1 + 2GDDs = GDDS,
GDD(2 - 4) = GDDT2 + GDDs = GDDs.
Thus, the GDD from any input to any output is matched with the GDD from
a single pass in the substrate, GDDs. This well-controlled dispersion condition in
transmission and reflection enables pre-compensation of the dispersion in the splitter
for both output ports at the input port. Furthermore, one can easily show, under
this design condition, that both output pulses (through port 3 and 4 in Fig. 2-14)
are perfectly overlapped in time by properly choosing the delay between the two
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input pulses. This characteristic makes this beam splitter attractive for coherent
pulse synthesis with pulses from different femtosecond laser sources. In addition, a
dielectric thin-film coating on a sufficiently thick substrate will ensure a long-term
stable and spatially distortion-free operation.
For a specific device demonstration based on the design strategy described above,
an ultrabroadband 50:50 beam splitter covering the spectral range of 600 nm to 1500
nm is designed. The design is carried out for p-polarized light with a 450 angle of
incidence. The dielectric multi-layer thin film coating is deposited on a fused silica
substrate. The fused silica substrate used in the design is about 655 Pim thick, equal
to a 750 pim (=655/cos(29.2 )) optical path length in the substrate for 450 angle
of incidence. The design and optimizations are done with the OptiLayer thin film
software [70]. The optimized coating consists of 38 layers of TiO 2 (n ~_ 2.4) and
SiO 2 (n ~ 1.48) on a fused silica substrate, and the total coating thickness is 3.54
pm. Figure 2-16 (a) and (b) show the designed reflectance/transmittance and GD in
reflection and transmission from the coating, respectively. The designed reflectance
and transmittance are within (50 ± 5) % from 600 to 1500 nm. The GD in coating
reflection (solid line in Fig. 2-16(b)) is matched with that of the 750 Pim optical
path length of the fused silica substrate up to a constant (dot-dashed line in Fig.
2-16(b)), within ±1 fs from 650 to 1500 nm. Fig. 2-16(b) demonstrates that the
GDD in reflection from the coating is well matched with that of the substrate. The
GD in coating transmission (dashed line in Fig. 2-16(b)) is constant centered at 20
fs (dotted line in Fig. 2-16(b)) within ±1 fs from 650 to 1500 nm. The beam splitter
is fabricated by ion-beam sputtering [71, 72] at NanoLayers GmbH to achieve the
required precision on layer growth.
2.5.3 Characterization Results
Figure 2-17 (a) shows the designed and measured transmittance of a fabricated beam
splitter. The transmittance was measured by a spectrophotometer under 45' angle
of incidence. The design and measurement show excellent agreement. The slight
difference between design and measurement might be attributed from the limited
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Figure 2-16: Beam splitter design results [73]. (a) Design result of
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Figure 2-17: Beam splitter characterization results [73]. (a) Transmittance measure-
ment result under p-polarized, 45 degrees incident angle. (b) Group delay (GD)
measurement results: (1) design target (GD of 750 Mm fused silica up to a constant);
(2) measured GD of reflection from air side to coating; (3) measured GD of reflection
from substrate side to coating; (4) measured GD of transmission through coating and
substrate. (c) Group delay dispersion (GDD) measurement results: (1) design target
(GDD of 750 pm fused silica); (2) design result of GDD in reflection from air side
to coating; (3) measured GDD of reflection from air side to coating; (4) measured
GDD of reflection from substrate side to coating; (5) measured GDD of transmission
through coating and substrate.
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incident angle accuracy of ±1.5 degrees. The GDs and corresponding GDDs were
measured by a white light interferometer [74]. Figure 2-17 (b) shows the collection
of all measured GDs for three possible cases: (i) reflection from air side to coating;
(ii) reflection from substrate side to coating; (iii) transmission through coating and
substrate. Since the measurements always involve two reflections or transmissions,
the measurement results are divided by two when compared with the design. In
addition, for an easy comparison with the design, the measured GD curves are shifted
by a constant amount. The measurements were limited on the short wavelength
side at 700 nm by the blocking filter for the 633 nm light from the He-Ne laser
used for interferometer calibration. For all cases shown, the measured GDs and the
corresponding GDDs show excellent agreement with the design. Figure 2-17 (c) shows
the collection of measured GDDs with its design goal (GDD of 750 Pm fused silica)
and the design result of reflection from air side to coating. The measured result for
reflection from air to coating is very well matched with the design. In all cases, the
actual GDDs are in good agreement with the design goal within ±20 fs2 deviation.
Although the GDDs have some oscillations, the simulation shows that the reflected
or transmitted pulse does not experience significant distortion from it.
2.6 Subfemtosecond Timing (Repetition Rate) Syn-
chronization
2.6.1 Introduction
Timing synchronization of the pulse envelopes from each laser with sub-cycle timing
fluctuation is one of the most important tasks in pulse synthesis. In the frequency
domain, this corresponds to the repetition rate synchronization between two lasers.
For high-quality pulse synthesis, it is desirable to have a residual timing jitter less
than 1/10 of the optical cycle, e.g., 330 attoseconds (as, 10-18 sec) at 1 Pm center
wavelength, over full Nyquist bandwidth with a long-term drift-free operation.
Tight timing synchronization is necessary not only for the pulse synthesis but also
61
for synchronizing different optical systems in large-scale timing distribution systems.
For example, the photo-injector laser, the seed laser and the probe lasers should be
synchronized within drift-free sub-10 fs accuracy for the seeded x-ray free electron
laser (XFEL) shown in Fig. 1-4.
Conventional repetition rate synchronization between two mode-locked lasers based
on microwave mixers [75, 76] suffers from high residual jitter and thermal drifts in the
electronic amplifiers and mixers. To overcome these limitations, together with for-
mer Postdoctoral Associate Thomas Schibli, a balanced optical cross-correlator [44]
is proposed and demonstrated. This technique uses nonlinear optical processes for an
extremely sensitive detection of timing differences between optical pulses.
2.6.2 Balanced Optical Cross-Correlator
Figure 2-18 shows the schematic of the balanced cross-correlator. The combined
pulses from two mode-locked lasers with different spectra, denoted as wavelengths A,
and A2 , are splitted by a broadband 50:50 beam splitter. The two beam paths have a
different group delay (GD), for example, by inserting a glass plate in one of the arms.
This group delay offsets the relative position between two pulses. Each combined pulse
is focused into a nonlinear crystal to generate a sum-frequency component at 1 F
S+ !. After bandpass filtering, the sum-frequency generation (SFG) components
are detected by a balanced detector which measures the intensity imbalance. For
small timing differences (within the range of the group delay of the GD element),
the output from the balanced detector is proportional to the timing error between
the two pulses. At the zero-crossing of the balanced detector output, the amplitude
noise from each laser is balanced and does not affect the detected error signal. The
signal from the balanced detector is used to lock the repetition rates of the two
lasers by controlling the cavity length of one laser with cavity mirrors mounted on
piezo-electric transducers (PZTs). This finally closes the loop. This method enables
long-term drift-free timing synchronization between two independent lasers.
For the implementation of this balanced cross-correlator, lithium triborate (LBO)
crystals with 1-mm thickness are used for SFG at 499 nm. The crystal is type-I SFG
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Figure 2-18: Schematic of a balanced cross-correlator. GD: group-delay element be-
tween two color pulses. SFG: sum-frequency generation. The graph shows a measured
balanced cross-correlator output as a function of time delay between two pulses.
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phase-matched between 830 nm from the Ti:sapphire laser and 1250 nm from the
Cr:forsterite laser that results in SHG at 499 nm (1/830nm + 1/1250nm = 1/499nm).
To generate a group delay offset of 48 fs between 830 nm and 1250 nm, a 3-mm
thick fused silica plate is used. Because the dependence of chromatic dispersion on
temperature is very small (<1 as/K) [44], the timing offset is well fixed at 48 fs
without drift. The S-shaped graph in Fig. 2-18 shows the balanced detector output
signal when the two lasers are not locked. The typical timing detection sensitivity is
>150 mV/fs, that is >100,000 times more sensitive than that of typical microwave
mixers. In addition, because the intensity noise is cancelled by the balanced detection,
it is robust against amplitude noise and drifts. Finally, it can operate in a long-term
stable way because of very small temperature dependence. Note that pure microwave
locking techniques based on high-speed photodetectors and mixers suffer from large
thermal drift (typical high-speed photodetector and mixer show >300 fs/K [25] and
>70 fs/K [77] temperature sensitivities at 10 GHz), and cannot achieve a long-term
drift-free operation over hours.
The error signal from the balanced detector is applied to the loop filter. The loop
filter has fast and slow signal paths. The fast signal output is a PI controller that
controls the fast PZT through a fast driver (home-built driver with THS6012 OP
amp). The fast PZT loop with ~100 kHz bandwidth stabilizes the high frequency
fluctuations. The slow signal output is applied to a slow PZT though a high voltage
driver (1 kV driver based on the design at JILA) to compensate slow timing drift over
long time scale. The bandwidth of the slow feedback loop is about 1 kHz. To get a
lock, the loop gain of the fast PZT loop is set high enough to acquire locking condition.
Once the locking is obtained, an integrator is turned on while the proportional gain
is reduced until the oscillations by the fast PZT resonances are completely removed.
At this condition, the slow PZT control loop is turned on and the slow loop gain is
increased until the residual timing jitter is minimized. To enable high gain at the
low frequency <1 kHz where the noise contribution is large while at the same time
avoiding oscillations by the slow PZT, an additional lag compensation [78] RC-circuit
is inserted in the slow loop. With the optimization of parameters (gains, positions
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of poles and zeros) in both fast and slow loops, a very stable subfemtosecond timing
lock is obtained over 12 hours as will be shown in the next section.
2.6.3 Measurement Results
To evaluate the out-of-loop residual timing jitter between two lasers, an out-of-loop
cross-correlator with a BBO crystal and a 2.3-MHz bandwidth photodetector is built.
The residual timing jitter depends on the intensity noise of Cr:forsterite laser and
locking conditions such as the gains of fast and slow PZTs and corner frequencies,
and needs to be optimized each time a new lock is obtained. As a result, the resulting
timing jitter varies time to time. The typical timing jitter performance is between 300
as and 500 as. Figure 2-19 shows the representative out-of-loop timing jitter density
when the two lasers are locked. The integrated timing jitter from 10 Hz to 1 MHz is
388 as. Most of the residual jitter originates from the peaks within ranges [300 Hz,
2 kHz] (250 as) and [100 kHz, 200 kHz] (100 as). This noise is mainly caused by the
timing fluctuation converted from the intensity noise of 1064 nm pump laser. With
a more broadband noise eater using a Pockels cell with damped piezo resonances, a
much better timing lock performance is expected below 100 as.
Figure 2-20 shows the out-of-loop cross correrlation trace in the time domain.
The black line shows the cross-correlation trace when the two lasers are not locked.
The red line shows the cross-correlation trace when two lasers are locked adjacent
to each other so that timing fluctuations are transferred into intensity fluctuations
in the cross-correlation signal [76]. The pulse trains from the two lasers are locked
with 380 ± 130 as rms timing jitter over 12 hours in the bandwidth from 20 pHz to
2.3 MHz. The indicated error is from the intensity noise contribution. Note that the
duration of 12 hours does not constitute a limit to the locking scheme but was merely
the duration of the experiment. In principle, as long as the lasers stay mode-locked,
the timing lock can be maintained if the mechanical perturbations to the system are
below a certain threshold value (the maximum displacement of the used PZT). To the
best of my knowledge, this is the first time to demonstrate drift-free subfemtosecond
timing synchronization performance over >12 hours time scale.
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Figure 2-19: Residual out-of-loop timing jitter density measurement result between
Ti:sapphire and Cr:forsterite lasers. The integrated timing jiter from 10 Hz to 1 MHz
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Figure 2-20: Long-term timing synchronization result between Ti:sapphire and
Cr:forsterite lasers [79]. Drift-free subfemtosecond synchronization over 12 hours was
observed.
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Note that this subfemtosecond timing synchronization is also important for the
large-scale timing distribution systems. In such systems, remotely located optical
subsystems (mode-locked lasers) need to be tightly synchronized. This can be done
by distributing the timing pulse train to remote locations via timing stabilized fiber
links (described in Chapter 4) and synchronize this timing pulse trains with the
output of the optical subsystems by use of balanced optical cross-correlators. This
effectively results in remote synchronization of multiple optical subsystems and lasers
in a long-term drift-free way.
2.7 Subfemtosecond Phase (Carrier-Envelope Off-
set Frequency) Synchronization
2.7.1 Detection of Carrier-Envelope Offset Frequency by Di-
rect Photodetection of Overlapping Spectra
As soon as the tight timing synchronization is obtained, strong heterodyne beat
signals are obtained in the overlap region of the optical spectrum (indicated as the red
box in Fig. 2-9). To detect the difference in carrier-envelope offset frequency (Afceo)
between the two lasers, a 15 nm wide part of the spectrum in the overlap spectral
range at 1120 nm is filtered out and detected with an InGaAs photodetector. Figure
2-21 shows the RF spectrum measured with a 1-GHz bandwidth InGaAs Avalanche
photodetector (APD310 from MenloSystems). Heterodyne beatnotes (mfR ± Afceo,
m=integer) show 30 dB SNR measured with a 30 kHz resolution bandwidth. Because
the spectral overlap is enough, a simple direct photodetection can be used rather
than the more complex and alignment sensitive techniques such as lf-2f or 2f-3f
interferometers used in other experiments [47].
The last goal is to lock this heterodyne beatnote (Afceo) to DC. To detect the
Afceo at the low frequency near DC, it is important to detect the beatnote with an
amplitude-noise free detection scheme. The simple direct photodetection is sensitive
to the RIN from each laser. To cancel the unwanted amplitude noise and detect the
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heterodyne beatnote with high sensitivity, balanced homodyne detection is demon-
strated. Figure 2-22 shows the schematic of this homodyne detection.
In essence, by use of a lossless 50:50 beamsplitter, we can cancel the amplitude
noise while keeping the feo beatnote. It is possible by the 900 phase shift between
transmitted and reflected electric fields at the beamsplitter.
A more detailed derivation is presented in the following. We can write the electric
field of the optical pulses from each laser as
Ec(t) = Ec(t)ej27fct + nc(t), (2.13)
ET(t) = T(t)ej2,TfTt + nT(t), (2.14)
where Ec(t) is the total electric field, Ec(t) is the pulse train envelope, fc is the
center frequency, and nc(t) is the amplitude noise of the optical pulse from the
Cr:forsterite laser. In the same manner, the parameters in Eq. (2.14) are defined for
the Ti:sapphire laser.
When these pulses are combined by a perfect lossless 50:50 beamsplitter, i.e., the
reflectivity is r = - and the transmittivity is t j [80], the combined field at
each arm is expressed as
E 1 (t) = [- (tc(t) ej27fct + nc(t) + (f§T(t)ej27fTt + nfT(t))] (2.15)
E 2 (t) = 1 [- (LT(t)e27fTt -+ n(t)) + j (tc(t)ej2fct + nc(t))] (2.16)
When each combined beam passes through a narrowband optical filter that trans-
mits only a small range of wavelength in the overlapped spectrum (in this experiment,
15nm wide part centered at 1120 nm),
E'(t) = [ (Et(t)&2xf' + n/ + j ((t)e2 + n'(t))] (2.17)
69
E (t) j [- (Mt)eif + nCr(t)) + nC(t))] (2.18)
where E(t) and E(t) are the filtered pulse train envelope functions, n' (t) and n'r(t)
are the filtered amplitude noise, and f = mfrep + fcr:f' and f+ = mfrep+ fTitsa are
the mode comb frequencies at the center of filtered spectral region.
The photocurrent at each photo detector that is low-pass filtered at frep/ 2 is
expressed as
(I1(t))f<fp/ 2  J ( - 1(t)eirft + n'{(t)) + j (Z(t)e j27ft + nr(t) dt
[ 1A2 + t 2 + 21 kEI sin(27rAfceot) + (n'12) (2.19)
(I2 (t ))f<1e/2 J [- ((t)ej2+ + r t (t) + ( (teJ27f"t + '(t 2 dt
E 12 + E |2 - 21EI|E J sin(27rAfceot) + (n 12) (2.20)
where IEI and ET are the DC amplitude of filtered Cr:fo and Ti:sa pulses, Afceo
is the difference in the carrier-envelope offset frequency Afceo fTLsa _Crbo and
n2 =in 12+1n'r 2 +(n/'l -T n'CT). The photodiode responsivity and scaling factors
such as characteristic impedances are normalized for simplicity.
The output of the detector is the difference of the two photocurrents, (i) - (I2).
(IOt (t))f<frp/2 = (Ii(t)) - (12(t)) =2 E|| lE sin(22rAf1eot) (2.21)
The DC components as well as the amplitude noise from both lasers are cancelled
by the balanced detection. Only the beat frequency component that we aim to detect
remains. Further, this beat frequency corresponds to the difference in the carrier-
envelope offset frequency, Afce ' fTLsa Cr:fo
The balanced homodyne detector is implemented as Fig. 2-22. The ultrabroad-
band 50:50 beamsplitter (shown in Sec. 2.5) is used for the 'lossless' 50:50 beam-
splitter. From the combined output arm, 10% of light is tapped off by a tapping
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Figure 2-23: Intensity noise cancellation by a balanced homodyne detector.
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beamsplitter (a single layer of 100.5 nm thick Ta2 0 5 on a 0.5mm thick fused silica
substrate). From the other arm to the balanced cross-correlator, 1120 nm component
is tapped off by a dichroic beamsplitter that transmits 830 nm and 1250 nm (for
balanced cross-correlator) and reflects 1120 nm (for balanced homodyne detector).
For an intensity balancing, a variable attenuator is used in one of the arms. Figure
2-23 shows the intensity noise cancellation by intensity balancing. The RIN from
Cr:forsterite and Ti:sapphire lasers are cancelled down to the detector noise floor.
This balancing is kept in a drift-free way. By use of this detector, an exceptionally
high SNR of 60 dB is achieved to detect the Afceo beatnote. For generation of this
beat signal, -1 MW of 1120 nm power from each laser is used. Figure 2-24 shows the
measured Afceo at 1 MHz with a resolution bandwidth of 10 kHz.
2.7.2 Orthogonal Control Between Timing and Phase Syn-
chronization
Because the balanced homodyne detector detects the Afceo signal itself, one can
directly lock this signal to DC by applying it to the acousto-optic modulator (AOM)
in the pump beam. The intra-cavity energy change by the AOM induces the carrier-
envelope offset frequency change by an amplitude-to-phase conversion in the laser
cavity (Eq. A.12).
However, there are two major problems in this attempt. First, when it is locked,
the peak-to-peak residual phase jitter should be kept within 7 optical phase, that is,
1.87 fs at 1120 nm. Otherwise, the phase lock will be broken by the limited locking
range of the homodyne detector. Second, the intra-cavity energy change induces not
only the carrier-envelope offset frequency change but also the repetition rate change
(Eq. A.14). Although the impact is quite small for the fundamental repetition rate
(frep), at the optical frequency (mfrep with m ~ 268THz/82MHz = 3.3 x 106), the
impact is multiplied by a factor of millions. This is because what the homodyne
detector measures is the difference in the comb line positions between two lasers
at 268 THz. As a result, the residual timing jitter influenced by the pump power
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Figure 2-25: Test of orthogonal control between timing and phase locking loops.
modulation in turn affects the carrier-envelope phase locking loop. Even in the case
when the residual phase jitter is well below 7r optical phase, if the 'cross-talk' from
the timing locking loop is more than the pull-in range of the phase lock (1.87 fs in
this case), the lock cannot be acquired.
In this section, a scheme for orthogonal control between timing and phase lock
is tested. It is implemented by subtracting the AOM driving signal from the PZT
driving signal so that the impact from the intra-cavity energy change is minimized in
the timing locking loop. It is similar idea with the orthogonal controller between diode
injection current and saturable absorber bias voltage shown in Ref. [81]. Figure 2-25
shows the schematic of the orthogonal control test. The AOM placed in the pump
beam of the Ti:sapphire laser is modulated by 20 kHz signal from an RF source. Note
that frequency modulation below 1 kHz does not affect the timing lock because of
enough loop gain provided by the in-loop integrator. Frequency components above
hundreds kHz also do not impact the system much because the laser response has a
limited bandwidth set by the relaxation oscillation.
The results are summarized in Fig. 2-26. When the orthogonal control is off, 2
%PP change of pump power induces 8 fsPP timing jitter by the amplitude-to-timing
conversion in the laser cavity. Then the gain is increased until the 20 kHz peak is
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Figure 2-26: Crosstalk suppression by orthogonal control. The AOM is modulated by
a 20 kHz RF signal. (a) Without orthogonal control, 2 %pp power modulation induces
8 fsPP timing jitter. With orthogonal control, it is suppressed to 3 fspp jitter. (b) In
the frequency domain, the 20 kHz peak is suppressed by 12.3 dB with the orthogonal
control.
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minimized. In this way, 12.3 dB could be suppressed. This is shown in Fig. 2-26
(b). In the time domain, it is compared with the case when the orthogonal control
is off in Fig. 2-26 (a). The peak-to-peak jitter is decreased to 3 fsPP. The imperfect
suppression is caused by (a) the phase shift between the AOM driving signal and
the timing error signal that drives the PZT and (b) the nonideal PZT responses.
An additional phase shifter might be able to correct the problem. It requires more
investigation on the frequency dependence of phase shift.
To acquire the carrier-envelope offset frequency lock, the pump power typically
needs to be modulated by about ±1 %PP. It means that without orthogonal control,
more than 8 fsPP timing jitter fluctuation can be induced in the timing lock. This
in turn fluctuates the heterodyne beat signal and hinders the carrier-envelope phase
locking process. With the current orthogonal control, reduction of cross-talk down
to 3 fspp jitter is feasible. With more optimized orthogonal control, less than 1 fsPP
transient jitter level is envisioned.
2.7.3 Experiments and Measurement Results
Figure 2-27 shows the schematic of the entire experimental setup for the timing and
phase synchronization. Major components and techniques in this setup are presented
in the previous sections: broadband prismless Ti:sapphire and Cr:forsterite lasers
in Sec. 2.3; noise eater in Sec. 2.4; broadband 50:50 beam splitter with matched
GDD for pulse combining in Sec. 2.5; balanced optical cross-correlator for timing
synchronization in Sec. 2.6; balanced homodyne detector and orthogonal controller
for phase synchronization in Sec. 2.7. For the robust operation, the entire setup
is built on a single breadboard. The setup is protected from air currents by an
enclosure made of 0.5" thick polycarbonate plates. Further, the breadboard is placed
on multiple layers of lead foil and polyester-based polyurethane foam to isolate the
system from the acoustic vibrations from the optical table.
The detected Afce, signal is locked to 3 MHz from an RF source by a digital phase
detector. The reasons for locking the beatnote in this way are two-fold. First, the
digital phase detector provides a much extended locking range of [-327r,+327r]. This
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Figure 2-27: Schematic outline of the entire timing and phase synchronization setup.
AOM, acousto-optic modulator; BPF, bandpass filter; BS1 and BS4, broadband 50:50
beam splitter with matched GDD (described in Sec. 2.5); BS2 and BS5, 10% tapping
beam splitter; BS3, dichroic beamsplitter (transmits 833 nm and 1250 nm; reflects
1120 nm); Cr:fo, Cr:forsterite laser oscillator; EOM, electro-optic modulator (imple-
mented as a combination of quarter-wave plate, Pockels cell and polarizer); fLo, RF
synthesizer; GD, group delay element (3-mm thick fused silica); -GDD 1 , extra-cavity
dispersion precompensation for Cr:forsterite laser output; -GDD 2 , extra-cavity dis-
persion precompensation for Ti:sapphire laser output; LFCEO, loop filter for the fceo
locking loop; LFNE, loop filter for noise eater; LFRR, loop filter for repetition rate
locking loop; OSA, optical spectrum analyzer; PD, digital phase detector; SFG, sum-
frequency generation crystal (LBO); Ti:sa, Ti:sapphire laser oscillator.
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feature makes lock acquisition much easier especially in the transient state when the
modulated pump power influences both timing and phase loops. Second, when the
beatnote is locked, it provides useful information of how much residual phase noise
exists in the heterodyne beatnote itself. With the digital phase detector, a long-term
stable (>1 hour) carrier-envelope offset phase lock is obtained.
Figure 2-28 shows the in-loop residual carrier-envelope offset phase jitter and the
corresponding pump power modulation over 1000 seconds. The Afceo is locked to 3
MHz. The residual rms phase jitter is 0.267r rad at 1120 nm wavelength. This cor-
responds to 476 as phase jitter. This confirms that long-term stable subfemtosecond
timing and phase synchronization is feasible between two independently mode-locked
lasers. To the best of my knowledge, this is the first time to demonstrate continu-
ously phase-coherent optical spectrum over 1.5 octaves with subfcmtosecond-precision
timing and phase jitters between two independently mode-locked lasers.
2.8 Summary and Future Work
In summary, a phase-coherent ultrabroadband optical spectrum ranging from the
visible to the infrared is demonstrated by subfemtosecond timing and phase synchro-
nization of mode-locked Ti:sapphire and Cr:forsterite lasers.
The next step is clear - locking the Afceo to DC. For that, a hybrid phase-lock
technique using an offset locking [45, 83] and balanced homodyne detection is cur-
rently pursued. The idea is first locking the Afce0 to DC by an offset locking that
can provide large phase detection range with digital phase detectors. Because the
offset locking performance is limited by the uncontrolled path difference between the
two laser outputs, the slow drift will be detected and compensated by the balanced
homodyne detection presented in Sec. 2.7. In this way, one can attain long-term
drift-free phase synchronization over an extended phase locking range. In addition,
improvements of the noise eater by RTP or BBO crystal-based Pockels cell as well as
phase adjustment of orthogonal control will further reduce the residual noise. With
all these improvements, it is expected to reduce the residual timing and phase jitter
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below the 100 as regime.
When the locking of Afceo to DC is done, it will be necessary to characterize the
synthesized optical pulses. For this pulse characterization, conventional interferomet-
ric autocorrelation is not suitable because the second harmonic components will have
a strong spectral overlap with the fundamental. Pulse characterization techniques
that directly measure spectral phase using broadband upconversion processes will be
more suitable, for example, a recently developed two-dimensional spectral shearing in-
terferometry (2DSI) [82]. Once it is confirmed that the pulses are indeed approaching
single-cycle duration, one can use the synthesized pulses for various phase-sensitive
nonlinear optics experiments.
While keeping the demonstrated timing and phase synchronization techniques,
other interesting pulse synthesis experiments can be designed by replacing the cur-
rent laser sources. Note that most of the current limitations are originated from low
average output power and high residual noise of the used lasers. In fact, very re-
cently, there has been remarkable progress in the high repetition rate and low noise
Ti:sapphire lasers and Er-fiber lasers. In the future, it will be more advantageous to
replace Cr:forsterite laser with a spectrally-broadened Er-fiber laser for lower noise,
broader spectrum, and more stable operation. In this way, we can envision to gener-
ate spectrum from 550 nm to 2 pm range that might be able to generate a pulse even
shorter than one cycle of light oscillation.
Coherent superposition of multiple lasers is not only useful for synthesizing shorter
pulses. It can also generate higher energy pulses by combining multiple lasers in the
same spectral range. For this power scaling applications, a single-crystal balanced
cross correlator demonstrated in Chapter 4 can be used for subfemtosecond timing
synchronization.
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Chapter 3
Long-Term Stable Microwave
Signal Synthesis from
Mode-Locked Lasers
3.1 Motivation
Mode-locked lasers show a great potential to generate ultralow-jitter microwave and
RF signals encoded in its pulse repetition rate [10, 22, 84, 85]. However, it is a highly
nontrivial task to transfer the low noise properties of the pulse train in the optical
domain to the electronic domain, and extract a drift-free, ultralow-jitter microwave
signal with a power level sufficient for the intended application from an optical pulse
train. For distribution and synchronization of microwave signals from optical pulse
trains in large-scale, high-precision timing distribution systems [20, 86, 87], it is crucial
to convert the optical pulse train into a drift-free, low-jitter microwave signal with
a satisfactory power level in a long-term stable way. Readout of microwave signals
from atomic optical clocks [88, 89] is another important motivation for long-term drift-
free extraction of microwave signals from optical pulse trains. We can also envision
to implement ultralow-noise RF and microwave signal synthesizers based on mode-
locked lasers both at the commercial instruments level and at the electronic-photonic
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integrated circuits level.
The extraction of a microwave signal from an optical pulse train using direct
photodetection, the most commonly used technique for microwave signal extraction
from pulse trains, suffers from excess phase noise [24, 90, 91]. The major origin of this
excess noise is amplitude-to-phase conversion in the photodetectors and microwave
mixers [90, 92]. The intensity noise and power drifts of optical pulse trains can be
converted into a significant amount of excess timing jitter and drifts, and degrade
the long-term stability of the extracted microwave signals. In Refs. [26] and [88], the
amplitude-to-phase conversion factor of high-speed photodiodes was measured, and
it typically ranged from 1 to 10 ps/mW, depending on the bias voltage and diode
type used. For a 12-GHz commercial InGaAs photodetector at 6 V reverse bias, the
amplitude-to-phase conversion factor was measured as 1.6 ps/mW [26]. For an Er-
doped fiber laser with 0.03 %rms relative intensity noise (RIN), this may already result
in 5-fs excess jitter when 10 mW of power is applied to the photodetector. In addition,
direct photodetection has a limited extractable microwave power and signal-to-noise
ratio (SNR) due to the limited input optical power to the photodetector. Phase drifts
in the diode due to temperature change (>300 fs/K is reported in Ref. [25]) as well
as post-amplification to reach the required signal level can prevent long-term stable
regeneration of microwave signals.
Nevertheless, careful suppression of these excess noise sources has been used to
demonstrate microwave signal extraction from optical pulse trains at 10 GHz with 3.3
fs timing jitter measured from 0.1 Hz to 1 MHz [88] and later even 0.8 fs measured
from 1 Hz to 1 MHz at a power level of -15 dBm [89]. Although the short-term jitter
could be suppressed down to 1 fs level, the slow phase drift of extracted microwave
signals is still the major limitation, for example, -56 fs (-3.5 mrad at 10 GHz) drift
in 100 seconds caused by ~0.3 % amplitude fluctuation as shown in Ref. [88]. For
precise timing synchronization applications, this drift sets a serious limitation.
To circumvent the amplitude-to-phase conversion and to ensure long-term stable
microwave signal extraction directly at the microwave power level needed for subse-
quent experiments, it is highly desirable to develop an optoclectronic phase-locked
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loop (PLL) using an optical pulse train and a high-quality voltage-controlled oscilla-
tor (VCO) to prevent those undesired amplitude-to-phase conversion and drifts from
the photodetection process. In doing so, the key issue is the development of drift-free,
low-jitter phase detectors that extract the timing error between optical pulse trains
and microwave signals in the optical domain. By closing the PLL using the detected
timing information, the relative phase between optical pulse trains and microwave sig-
nals can be fixed in the optical domain before the photodetection is involved. In this
way, one can avoid the timing/phase drift of photodetection and post-amplification
stages that limits the quality of extracted microwave signals. In this Chapter, two
new optoelectronic PLL techniques for low-noise and drift-free microwave signal syn-
thesis are presented. For both techniques, an electro-optic sampling by a Sagnac-loop
interferometer is used to detect the phase error between optical pulse trains and
microwave signals. The first technique converts the phase error into an intensity im-
balance and uses this information to close the loop (presented in Section 3.2). The
second one converts the phase error into an intensity modulation depth and detect it
by downconversion with a synchronous detection (presented in Section 3.3).
3.2 Microwave Signal Synthesis from Mode-Locked
Lasers Using Balanced Intensity Detectors
3.2.1 Operation and Noise Analysis
The general idea for transfer of timing information into the optical domain is visu-
alized in Figure 3-1. While still in the optical domain, the timing information is
transferred into an intensity imbalance between two beams by sending the pulse train
through a pair of amplitude modulators. The modulators are driven by the output
signal from a VCO with 1800 phase difference. The intensity difference, which is pro-
portional to the timing error between the positions of microwave signal zero-crossings
and the optical pulse trains, is detected by a balanced detector. This signal controls
the input to the VCO and changes the driving frequency of the modulators until the
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pulse train coincides with the zero-crossings of the driving microwave signal, leading
to the balanced output powers. This closes the PLL operation. With this scheme,
the problem of photodetection on the electronic side is shifted to the optical side.
The method derives a signal that carries the timing information not susceptible to
the amplitude-to-phase conversion in the photodetection.
Repetition
Rate: fR
Amplitude L p
Modulators - Filr ~*RF-output
VCO mfR
................. 18 .......... .......
Shift
Figure 3-1: Schematic setup for microwave signal extraction from an optical pulse
train by transferring timing information into the optical domain.
The 1800 out-of-phase amplitude modulators can be realized by a Mach-Zehnder
interferometer with a phase modulator in one arm. However, this scheme will suffer
from the phase drifts in the interferometer arms due to temperature fluctuations, air
currents, and mirror vibrations. To remove these problems, the interferometer can
be implemented in a Sagnac-loop configuration. The two outputs from the Sagnac-
loop are expressed as P = Pin sin 2(AO/2) and P 2 =Pj cos 2 (AO/2), where Pi, is
the average input power and AO is the phase difference between counter-propagating
pulses in the loop. The outputs are intensity-balanced when the phase difference AO
is set to 7r/2.
In the following, the phase detection sensitivity and the shot noise limited perfor-
mance of this scheme will be derived. The optical pulse train applied to the Sagnac
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loop can be written as
00
Pin(t) = Pavg,inTR 6(t - nT,), (3.1)
where Pavg,in is the average optical power of the input pulse train to the Sagnac-loop
and TR = 1/fR is the period of the pulse train.
The phase modulation driven by the microwave signal from VCO is
AO(t) = 1 o sin(27fot + 0e) + JDC, (3.2)
where 1o is the phase modulation amplitude by the VCO output, fo is the frequency
of the VCO output, 0e is the phase error between input pulse train and the VCO
output, and T)DC is the DC phase offset between counter-propagating pulses. Ideally
this value should be 7r/2 to enable locking at the zero-crossings.
After circulating in the Sagnac-loop, the optical power detected at each photodiode
of balanced detector is expressed as
P1 (t) = Pin(t) sin 2 Ad(t) = PavT sin 2 [ o sin(27rfot + 0e) + T.DC1 6 t-nTR),
n=O-
(3.3)
P2 (t) Pin (t) cos 2 A d(t) PavgTR Ecos2 [{o sin(27rfot + 0e) + IDC1 S(t-TR).
n=O-
(3.4)
Now suppose the frequency is locked, that is, fo = NfR. The averaged photocur-
rent generated from each photodiode is
(Ii) RPavg sin2 [{I4osin e + GDC] , (3.5)
I2) = RPav cos2 { sin Oe + 4?DC}] , (3.6)
where R is the responsivity of photodiode in A/W unit.
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The output of balanced detector is
(Id) = (I2) - (I,) = RPavg cos[4To sin e + <DDC] - (3-7)
Supposing the ideal DC phase offset, 'IDC = 7r/2, the output of the balanced
detector in the linear regime (Qe << 1) is
(Id) = RPvg sin [o sin0e]= RPvg(IoOe. (3.8)
Therefore, the phase detection sensitivity in A/rad is Kd (Id)/e = RPvg~qo.
There are several amplitude noise sources inside the PLL. For example, the shot
noise at photodiodes, the thermal noise from resistors, and the acoustic noise intro-
duced to the interferometer. The in-loop amplitude noise is converted to the phase
noise at the VCO output over the PLL bandwidth. The fundamental limit comes
from the shot noise, and here the shot noise limited phase noise level is derived.
The shot noise current density in A2/Hz is
41shot - 2qIo = 2q RPavg qRPavg. (3.9)
With balanced detector, the shot noise from each photodiode is added.
balanced = 2 ot 2qRPav.(
Ihot ot (3.10
From Eqs. 3.8 and 3.10, the resulting single-sideband (SSB) output phase noise
density within the PLL bandwidth (in rad2/Hz) is
1 1 balanced 2 avg q
S ,IShO, - - Shot - 2P~g _D qD 3.1
2 K2 2 R 2Favg 0 RPavg (3
This relationship indicates that the residual phase noise is scalable by increas-
ing the input optical power (Pavg) as well as the driving microwave power from the
VCO ((o). This noise scalability is much more difficult to be implemented by direct
photodetection scheme.
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3.2.2 Experimental Setup
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Figure 3-2: The scheme for extraction of a 2 GHz
rate Ti:sapphire laser [94].
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Figure 3-2 shows the synchronization scheme. A 100 MHz repetition rate Ti:sapphire
mode-locked laser is used as the pulse source. After passing a bandpass filter at 800
nm to limit the pulsewidth to about 100 fs, the input optical pulse train is sent into
the Sagnac-loop. A resonant phase modulator at 2 GHz is positioned in the Sagnac-
loop in such a way that the optical delay between counter propagating pulses at the
phase modulator is set to half of the microwave signal period, i.e., 0.5 ns for the 2
GHz VCO. This assures that the two pulses experience opposite phase modulation.
The output beams are detected by a balanced detector that generates a difference
signal between the two photocurrents from the two Si pin-photodiodes. The output
current from the balanced detector is transferred to a passive loop filter (type II, order
2 topology [93]) for proper filtering. The passive loop filter structure is advantageous
over an active counterpart since it allows a simple circuit implementation and also
ensures excellent noise performance. The loop filter output signal drives the VCO
and changes the driving frequency of the phase modulator until it reaches a phase-
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locked state by balancing the two output powers from the interferometer. This closes
the PLL operation. For a stable and drift-free biasing of the interferometer (setting
4 DC = 7r/2 in Eq. 3.2), an effective quarter-wave plate is inserted in one of the beams
using a thin-film coating covering only half of the substrate. A very stable and drift
free phase-locked operation is achieved with this scheme.
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Figure 3-3: The VCO output is characterized (i) by a commercial phase noise test
system and (ii) by mixing in quadrature with the 2 GHz component of the directly
detected signal. The resulting signal is measured with a vector signal analyzer. The
normalization constant for calibration to the microwave phase is measured indepen-
dently with an oscilloscope.
The phase noise of the microwave output signal from the VCO is characterized
in two ways: (i) by the frequency discriminator technique using a commercial phase
noise measurement setup PN9000 from Aeroflex; (ii) by mixing the output signal of
the VCO in quadrature with the 2 GHz component of the directly detected pulse
train in order to measure the relative phase noise between the optical pulse train and
the extracted microwave signal. Figure 3-3 shows the measurement set-up. Using
method (i), the input is delayed and mixed with itself in quadrature in order to
extract the phase noise of the input. Method (ii) is a standard technique to measure
the residual phase noise between two locked microwave signals where an oscilloscope
is used to monitor that the two microwave signals are in quadrature, and a vector
signal analyzer is used to measure the noise spectrum.
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Figure 3-4: Measured single-sideband phase noise of (1) the free-running VCO and
(2) the locked VCO using a commercial phase noise measurement system. Curve (3)
shows the measured single-sideband phase noise between extracted microwave signal
and the 20th harmonic of directly detected pulse train using a mixer and vector signal
analyzer. Curve (4) shows the noise floor of the vector signal analyzer. Curve (5)
shows the estimated phase noise level of extracted microwave signal from result of
curve (2).
3.2.3 Measurement Results and Discussions
The measured single-sideband (SSB) phase noise spectra from 1 Hz to 10 MHz are
shown in Figure 3-4. Curve (1) shows the phase noise spectrum of the free-running
VCO measured with the Aeroflex phase noise measurement system. Curve (2) shows
the phase noise measured by the same method when the system is locked. The locking
is clearly visible in the spectrum covering the range of 100 kHz to 10 MHz. At lower
frequencies, the phase noise of the Ti:sapphire pulse train dominates. The phase noise
level of the free-running Ti:sapphire laser is +26 dB up-shifted due to the frequency
ratio of 20 between repetition rate and VCO frequency.
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To verify the assumption that the phase noise of the laser dominates at low fre-
quencies in the frequency discriminator measurement results, the relative phase noise
between the pulse train and the microwave signal was measured by using the second
phase noise characterization method. The result is shown in curve (3) of Fig. 3-4.
Due to the noise floor of the vector signal analyzer (curve (4) in Fig. 3-4) and excess
noise in the photo-detector that generates the reference signal, the high frequency
noise floor is increased in comparison to method (i). But this measurement clearly
shows that the noise increase at low frequency in curve (2) is the phase noise of the
free-running Ti:sapphire laser.
The origin of the enhanced phase fluctuations below 1 kHz may be due to either
mechanical vibrations in the Sagnac-loop or excess phase noise in the photo-detection
process that converts enhanced laser amplitude fluctuations into phase fluctuations.
In any case, based on the current measurements, the relative timing jitter between
the microwave signal and the pulse train integrated from 1 kHz to 10 MHz can be
estimated by the area underneath curve (5), which lines up with the high frequency
noise of the Aeroflex measurement (curve (2) in Fig. 3-4) and results in about 60 fs
timing jitter.
Now we will check whether the measured phase noise level agrees with the theo-
retical shot noise limited performance (Eq. 3.11). The phase modulation amplitude
<bo is determined by <0 = rVvco/V, = 0.07 rad, where the VCO output amplitude
is Vvco = 0.71 V and the half-wave voltage of phase modulator is V,= 31.4 V. With
other parameters used in the experiment, photodiode responsivity R 0.5 A/W and
Pa,9  1 mW, the shot noise limited SSB phase noise level is
S,,Sho, - q = 6.5 x 10-14 rad2 /Hz = -132 dBc/Hz (3.12)RPavg b2
This result fairly agrees with the measurement, Curve (5) of Fig. 3-4, from 1 kHz
to the loop bandwidth (~ 1 MHz). The integrated jitter based on this calculation
from 1 Hz to 10 MHz results in 56 fs. It confirms that we are mostly limited by shot
noise of photodetection.
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For long-term stability (below 1 kHz), a fiber implementation of the Sagnac-loop
is preferable. This will eliminate a large part of drift problems from any thermal drifts
of the output beam-splitter that lead to an imbalance of the interference and a drift
in phase. In addition, the use of a VCO with better phase noise performance will
greatly reduce the high frequency noise contribution. However, the major limitation
is coming from the limited optical power applicable to the photodiodes. Because the
balancing is achieved when both photodiodes receive half of the input optical power
(Pavg/2), one cannot arbitrarily increase the input optical power. To address these
issues, a balanced optical-microwave phase detector is proposed and demonstrated in
the next section.
3.3 Microwave Signal Synthesis from Mode-Locked
Lasers Using Balanced Optical-Microwave Phase
Detectors
Although the synchronization of microwave signals with optical pulse trains based
on balanced intensity detection provides a very simple interface between optics and
electronics domains, it is difficult to scale the noise performance due to the limited
optical power applicable to the photodiode and the drift in beam combining and
splitting. To overcome these problems, a device named balanced optical-microwave
phase detector is proposed and demonstrated in this section. This phase detector is
still based on the timing information transfer into the optical domain. However, it
is implemented by use of a differentially-biased Sagnac fiber-loop and synchronous
detection, which is similar to Sagnac-loop based gyroscopes [95] and clock recovery
systems [96].
3.3.1 Operation and Noise Analysis
In this section, the operation and noise analysis of balanced optical-microwave phase
detectors are presented. Figure 3-5 (a) shows the schematic diagram of the optoelec-
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tronic PLL using a balanced optical-microwave phase detector. Figure 3-5 (b) shows
the relative phase relationship between the optical pulse train, the voltage-controlled
oscillator (VCO) output signal, and the reference signal. Major parameters used in
the derivation in this section are labelled in Fig. 3-5 (a) and (b).
The optical pulse train applied to the Sagnac-loop can be written as
00
Pin(t) = Pavg,inTR E 6(t - nTR), (3.13)
n=-oo
where Pavg,in is the average optical power of the input pulse train to the Sagnac-loop
and TR = I/fR is the period of the pulse train.
The phase modulator in the Sagnac-loop is driven by the sum of the signal from
(1) the VCO with a frequency equal to a multiple of repetition rate, fo = NfR (when
locked), and (2) the reference signal with a frequency of half the repetition rate,
fr = fR/ 2 (where fR 1/TR is the repetition rate of the pulse train):
#(t) = 1o sin(27rfot + 0e) + 4) sin(7rfRt + AO), (3.14)
where 4o is the amplitude of phase modulation from the VCO, 0, is the phase error
between the pulse train and the VCO signal, 4m is the amplitude of phase modulation
from the reference signal, and AO is the fixed relative phase between the pulse train
and the reference signal.
After circulating in the Sagnac-loop interferometer, the optical power detected at
the photodiode (P(t) = (1- L)Pin(t) sin 2 ( /2), where L is the loss in the Sagnac-loop
and p is the phase difference between counterpropagating pulses in the Sagnac-loop)
is expanded as
W agR00 si 1
P(t) =PavTR 3 sin 2 [)o sin(27rfot + 0e) + Fm sin(TrfRt + AO)J 6(t - nTR),
(3.15)
where Pavg = (1 - L)Pavg,in is the average power of the output pulse train from the
Sagnac-loop.
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Figure 3-5: (a) Schematic diagram of the optoelectronic phase-locked loop (PLL)
using a balanced optical-microwave phase detector. BPF, bandpass filter; VCO,
voltage-controlled oscillator. (b) Relative positions of the optical pulse train (blue
pulse train), the VCO output signal (red sinusoidal signal), and the reference signal
(grey sinusoidal signal). For illustrative simplicity, N is set to N = 1.
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time
The high frequency VCO signal (10.225 GHz in this work) has a unidirectional
phase modulation by the travelling-wave nature of the phase modulator. Because
the same unidirectional property is not applied to the reference signal (22.13 MHz in
this work), the phase modulator is positioned in such a way that counterpropagating
pulses experience opposite phases by the reference signal. This is the reason why the
modulation depth is multiplied by a factor of two only for the reference signal in Eq.
3.15.
Now suppose the frequency is locked, that is, fo = NfR. Since the pulse train
will sit on the zero-biasing points, i.e., t, = nTR at the locked state, the following
approximations are valid: sin(27fot+eO) = sin(27rNn+Oe) O e and sin(7rfRt+A) =
sin(nr+A#). In addition, sin 2 (y/2) ~ 02/4 holds for small phase modulations. With
these linear approximations, the optical power at the photodiode (Eq. 3.15) is then
expressed as
P(t) = PavgTR + - (1 - cos(2A#)) + %O4)me sin (wrfRt + A#) 6(t-nTR).
(3.16)
By the Fourier transform of Eq. 3.16, one can extract the amplitude at the
reference frequency, fR/ 2 . The result is the following:
P ±J = 27rPavg Co4m sin(A#)OeS (f F . (3.17)
We clearly see the relative phase A# should be set to 7r/2 to maximize the phase
detection sensitivity. In this condition, the pulse train sits exactly on the max-
ima/minima of the modulation signal as shown in Fig. 3-5 (a). When the pulse train
is received by a photodiode with a responsivity of R (A/W), bandpass-filtered at
fR/ 2 , and amplified by a transimpedance gain of G (V/A), the input voltage to the
downconversion mixer is
V2 (t) = 2RGPag9IDo0 mOe cos (-7rfRt) . (3-18)
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Note that the phase error 0e is encoded in the amplitude of the signal. To convert
the phase error signal to the baseband, V2 (t) is mixed with the reference signal V1 (t):
V 1(t) = V sin (7rfRt + AO) = V1 cos (fR t). (3.19)
When these two signals are mixed in phase, the baseband voltage is
Vd = aV 1 (t) V2 (t)If|<fR!2 = [caRGPavgboTbmV] 0e, (3.20)
where a (V-') is the conversion efficiency of the downconversion mixer. This is
the phase error signal output from the balanced optical-microwave phase detector.
Therefore, the phase detection sensitivity Kd (V/rad) is
VdKd - - aRGPa ,qb 0 (bmV. (3.21)
The fundamental noise limit of this phase detector comes from the shot noise of
the photodetection process. This is a valid assumption because the relative-intensity
noise (RIN) of passively mode-locked solid-state lasers has a bandwidth limited by
the long upper-state lifetime [97], typically less than 1 MHz. At the reference signal
(fR/ 2 = 22.13 MHz in this work) where the synchronous detection is operated, the
laser source was confirmed to be shot noise limited.
Here, the phase noise floor from shot noise will be derived. When the system is
locked, the average optical power received at the Sagnac-loop output photodiode is
(Pocked) KPavqTR- R)
\ n=-oc
= 
2 Pavq. (3.22)
The shot noise current power spectral density in A 2/Hz unit is
Kihot 2q10 = 2qR Pavg, (3.23)
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where q (C) is the electron charge.
When we suppose the reference signal is noise-free, the voltage noise density from
the mixer output at the baseband in V2 /Hz unit is
dshot - 22G2 2hot
= 12V qRG2 T Pav. (3.24)
From Eqs. 3.21 and 3.24, the single-sideband (SSB) phase noise density floor due
to shot noise in rad2 /Hz at the carrier frequency NfR (the frequency of the VCO
output signal) is expressed as
1 K ,shot a2 12qRG2J Pavg 
_
Swp,shot .- ) n ) D (3.25)2 Kd 2 (aRGPavg o0 4mV) 2 = 2RP g 3
This sets the absolute limit in achievable residual jitter. It has basically the same
form as the balanced intensity detection scheme, Eq. 3.11, with additional factor of
1/2. From this relationship, it is clear that higher optical power (Pay9 ) as well as
phase modulation depth (microwave power) from the VCO output (wo) enables the
minimum residual jitter.
3.3.2 Experimental Setup
Figure 3-6 shows the schematic of the balanced optical-microwave phase detector.
Part of the input pulse train is tapped off by photodiode 1. This photodiode signal is
used to generate a reference signal for a synchronous detection at half the repetition
rate (fR/ 2 ) of the optical pulse source. The reference signal is then applied to both
the phase modulator and the down-conversion mixer. The rest of the input pulse
train is sent to the Sagnac-loop with an in-loop phase modulator. When there is
no phase modulation, the loop output should be zero if the coupling ratio is exactly
50:50. The pulse train is phase-modulated by the sum of (i) the signal from the
microwave input port at frequency NfR (N is an integer) and (ii) the reference signal
at frequency fR/ 2 . The high frequency (NfR) microwave signal gives a unidirectional
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phase modulation because of the travelling-wave nature of the phase modulator. For
the reference signal whose frequency does not support the unidirectional modulation,
the phase modulator is positioned in such a way that counter-propagating pulses at
the phase modulator experience opposite phases due to the reference signal. The
phase shifter 1 is used to align the pulse train positions to the maxima/minima of
the reference signal. By this phase modulation, the output pulse train from the
Sagnac-loop is amplitude-modulated at the frequency of fR/ 2 as conceptually shown
in Figs. 3-5 (a) and 3-6. As shown in Eq. 3.18, the amplitude-modulation depth is
proportional to the phase error. The pulse train detected at the fiber-loop output
with photodiode 2 is band-pass filtered at fR/ 2 , mixed in phase with the reference
signal (phase shifter 2 is used to keep two signals in phase), and down-converted to
the baseband. This phase error output is filtered and controls the low-noise VCO to
close the PLL. When the PLL is in the locked state, the Sagnac-loop output pulse
train is unmodulated.
OPTICAL ~~-- ~~--- -- ~~---- ~~---- ---- ~-- -
INPUT PORT Reference Signal at fR/2
fR fRI2
rep. rate = fR I Phase PhaseP Tapping Photodiode #1 shifter #1 shifter #2
coupler
RF-combiner --- wIsoltor. ....................... Down-
conversion
Phase Mixer
Modulator
L~ pSagnaLow-
50:50 LFilter
Coupler
........................MICROWAVE R
INPUT PORT IPhotodiode #2
S= f --------------------------
Amplitude modulation depth is proportional to the phase error
between the input pulse train and the microwave input signal
PHASE ERROR
OUTPUT PORT
(Baseband signal)
Figure 3-6: Schematic of the balanced optical-microwave phase detector [98]. The
solid and dotted lines indicate optical and electrical signal paths respectively.
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The major advantages of this phase detector are three-fold: (i) long-term drift-
free operation, (ii) scalability in its phase detection sensitivity, and (iii) high-power
microwave signal extraction. First, a long-term drift-free operation is possible by its
"balanced" operation when it is locked. In the locked state, the broadband amplitude
noise from both optical and microwave signals is suppressed by the synchronous detec-
tion. Since the detection does not use the phases of individual frequency components
during photodetection, the amplitude-to-phase conversion does not affect the system
performance. Another advantage, the scalability, comes from the fact that the phase
detection sensitivity is proportional to the average optical power in the Sagnac loop
and the modulation depth of the phase modulation as shown in Eq. 3.25. Finally,
the use of high-power, low-noise VCOs leads to a better signal-to-noise ratio of the
regenerated microwave signal, not limited by the extractable microwave signal power
from photodetectors.
Figure 3-7 shows the experimental demonstration setup for the microwave signal
extraction from an optical pulse train by use of the balanced optical-microwave phase
detector. All optical components in the phase detector are implemented with commer-
cial 1550-nm optical fibers and components. A stretched-pulse Er-doped fiber laser
[99 (repetition rate fA = 44.26 MHz) is used as the optical pulse source. Part of the
input pulse train is tapped off by the pin-PD 1 to generate a synchronous detection
reference signal at half the repetition rate (fR/ 2 ) of the optical pulse source. In the
experimental implementation, a signal with the frequency 10.5fR is also generated to
modulate the circulating pulse train in the fiber-loop. Frequency component 10.5fR
is used instead of fR/ 2 to reduce the necessary fiber-loop length. The rest of the
input pulse train (P = 5 mW) is sent into the polarization-maintaining (PM) fiber
Sagnac-loop including a phase modulator. The phase modulator is positioned in such
a way that the optical delay between counter-propagating pulses at the phase mod-
ulator is set to Atdelay 1/(2 x 10.5fR). The VCO (PSI DRO-10.225) has a center
frequency of 10.225 GHz (4Do =0.3 rad) which corresponds to the 231st harmonic of
the fundamental repetition rate. The pulse train detected at the fiber-loop output
(pin-PD 2) has an amplitude modulation with frequency fR/2 whose amplitude is
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proportional to the phase error between the pulse train and the VCO signal. This
amplitude modulation is converted to the baseband by synchronous detection with a
mixer. The phase error signal is filtered and controls the low-noise VCO. A long-term
stable lock between the laser and the VCO is obtained.
Input pulse train
fR 44.26 MHz
OPTICAL
INPUT PORT
MICROWAVE
INPUT PORT
231fR 10.225 GHz
microwave signal
Low-Noise
Baseband Amp
Vector
Sgnat
VAnal zer
In-loop Phase Error
Signal
Regenerated
Loop Filter VCO Microwave
* 4.~ *Q~ (2Q.Output
PHASE ERROR
OUTPUT PORT Wff..t
Figure 3-7: Demonstration experimental setup for microwave signal regeneration from
an optical pulse train by use of the balanced optical-microwave phase detector [98].
DBM, double-balanced mixer; LPF, low-pass filter; PC, polarization controller; PD,
photodiode; PM, polarization-maintaining; SM, non-PM single-mode; VCO, voltage-
controlled oscillator. Solid and dotted lines indicate optical (in fiber) and electrical
signal paths, respectively.
3.3.3 Out-of-loop Timing Jitter Measurement Results
Figure 3-8 shows the schematic of the experimental setup for out-of-loop relative
timing jitter measurements between the two 10.225 GHz microwave signals locked
to a free-running 44.26 MHz, 1550 nm stretched-pulse Er-doped fiber mode-locked
laser. Two nearly identical optoelectronic PLLs based on balanced optical-microwave
phase detectors were built with 10.225 GHz (the 231st harmonic of the fundamental
repetition rate, N =231) VCOs (PSI DRO-10.225). The average input optical power
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to each Sagnac-loop (Pavgin) is 5 mW, and +4 dBm of VCO output power is used
to close the PLL. From each VCO, +10 dBm output power at 10.225 GHz can be
extracted for external measurements.
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Figure 3-8: Experimental setup for long-term out-of-loop relative timing jitter inea-
surement between two microwave signals locked to a mode-locked laser. DBM:
double-balanced mixer, LPF: low-pass filter, PLL: phase-locked loop, VCO: voltage-
controlled oscillator.
To evaluate the out-of-loop relative timing jitter between the two extracted mi-
crowave signals, the outputs from the locked VCOs are mixed in quadrature in the
out-of-loop phase noise characterization setup. The baseband phase error signal is
amplified by a low-noise amplifier (G=10 non-inverting amp with AD797) and mon-
itored by a vector signal analyzer (Agilent 89410A) for phase noise spectral density
measurements and a data acquisition system (Agilent 34970A) for long-term drift
measurements. Note that only the out-of-loop phase noise characterization setup is
actively temperature-stabilized to enable a long-term measurement, while both PLLs
are not temperature-stabilized or otherwise shielded against environmental perturba-
tions.
Figure 3-9 summarizes the single-sideband (SSB) phase noise spectra for the in-
loop and out-of-loop performances between two PLLs when both PLLs are optimized
for long-term stable operation. In the locked state, the in-loop timing jitters inte-
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grated from 10 Hz to 10 MHz for PLL 1 (curve (b)) and PLL 2 (curve (c)) are 19.2
fs and 18.8 fs, respectively. Most of the noise contribution is from the high frequency
(>100 kHz) peak. The noise floor above 5 MHz is caused by the bandpass filter at
the reference signal frequency. To evaluate the resolution of the out-of-loop charac-
terization setup, the residual phase noise (curve (d)) was measured when the same
10.225 GHz microwave signal is split and applied to both input ports of the mixer in
quadrature. The background timing jitter of the characterization setup itself is 0.8 fs
integrated from 10 Hz to 10 MHz. The out-of-loop relative timing jitter between the
two extracted 10.225 GHz microwave signals (curve (e)) integrated from 10 Hz to 10
MHz is 12.8 fs. Both in-loop and out-of-loop timing jitters are mostly determined by
the high-frequency noise between 100 kHz and 1 MHz. The reason why the in-loop
jitter is larger than the out-of-loop jitter is mainly from the high frequency peak
characteristic caused by the finite loop bandwidth of about 100 kHz. The enhanced
high frequency peak in the in-loop characteristic is reduced in the out-of-loop mea-
surement by limiting the loop filter bandwidths of the PLLs. Although the in-loop
results show strong noise suppressions in the low frequency range due to the loop
filter integrator, the out-of-loop noise does not show the same strong suppression.
In addition, the out-of-loop noise level almost did not move even when changing the
parameters such as optical power and microwave signal power levels, which should
scale the noise level when the system is shot noise limited as discussed in Section
3.3. With the parameters used in the experiment (photodiode responsivity: R = 0.9
A/W, average output optical power from the Sagnac-loops: Pg = 2 mW, and phase
modulation depth of VCO output: 1o =0.3 rad), the shot-noise limited theoretical
SSB phase noise level for each loop should be SV,,ht = -152 dBc/Hz as derived in
Eq. 3.25 (line (f)). The measured out-of-loop noise level is about 30 dB worse than
the theoretical shot noise limited level. The potential reasons are (1) the uncorrelated
noise between fR/2 for the downconversion and 10.5fR for the Sagnac-loop drive, (2)
electronic excess noise from the amplification of the output pulse train, and (3) the
limited isolation between ports (LO-RF, LO-IF) of the downconversion mixer. The
sources of this non-scalable noise are currently under investigation.
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Figure 3-9: Single-sideband (SSB) phase noise spectra at 10.225 GHz from 10 Hz to
10 MHz [100]: (a) free-running VCO (taken from datasheet); (b) in-loop phase noise
of PLL 1; (c) in-loop phase noise of PLL 2; (d) residual phase noise of the out-of-loop
characterization setup; (e) out-of-loop relative phase noise between PLL 1 and PLL
2; (f) phase noise level in the ideal condition, when both PLLs are shot-noise limited
and there is no excess electronic noise sources. The out-of-loop measurement shows
12.8 fs relative jitter between two extracted microwave signals. The in-loop jitters
are 19.2 fs and 18.8 fs for PLL 1 and 2, respectively.
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3.3.4 Out-of-loop Timing Drift Measurement Results
Although the short-term background jitter (0.8 fs) provides enough resolution for the
characterization, the long-term timing drift of the characterization setup itself shows
significant amount of drift. Even though the temperature of the characterization
setup is actively stabilized within 0.4 0Cpp (0.07 0Crms) over 10 hours, at certain time
frames, up to 41 fs (in 1 hour) and 48 fs (in 4 hours) timing drifts are observed, as
shown in Fig. 3-10 (a). The measured timing drift and the temperature are not clearly
correlated, and the exact reasons for this rather abrupt drift are currently not fully
understood. Path length variations in the RF cables and connectors that have not
been stabilized might be a major cause for this abrupt and large phase fluctuations
(note that a 50 fs drift corresponds to a path length change of only 15 in). This drift
in the characterization setup sets the limitation of the long-term drift measurement.
Figure 3-10 (b) shows the result for long-term timing drift measurement between
the two 10.225 GHz microwave signals when both VCOs are locked. The output
voltage from the characterization setup was recorded every 5 seconds over a time
span of one hour. The relative timing between the two microwave signals showed
the maximum deviation within 48 fs over one hour. This corresponds to 3 mrad
phase stability at the 10.225 GHz carrier frequency. As shown in Fig. 3-10 (a),
the characterization setup itself may contribute up to >40 fs drift. Therefore, the
long-term timing drift measurement result in Fig. 3-10 (b) is currently limited by
the characterization setup itself. Despite of the limitation in the measurement, this
measured long-term stability is, to the best of my knowledge, the first time to achieve
a 3 mrad-level phase stability of a 10.225 GHz microwave signal extracted from a
mode-locked laser over an hour time scale. To overcome the limitation of the long-
term drift measurement, it is desirable to use an optical technique for the timing
detection to avoid drift of microwave components.
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Figure 3-10: Long-term timing measurements [100]. (a) Long-term background timing
drift measurement of the characterization setup. Although the temperature is actively
stabilized within 0.41 *C (maximum-minimum) over 10 hours, at certain time frames,
up to 41 fs (in 1 hour) and 48 fs (in 4 hours) timing drifts are observed. (b) Long-term
out-of-loop drift measurement between two locked VCOs shows that the timing drift
is within 48 fs over one hour. The data was taken at every 5 seconds.
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3.4 Summary and Future Work
In summary, new optoelectronic PLLs based on detection of timing information be-
tween optical pulse trains and microwave signals in the optical domain are demon-
strated for long-term stable microwave signal synthesis from mode-locked lasers.
The first version based on intensity balancing between two outputs from a free-
space Sagnac loop interferometer resulted in 60 fs timing jitter between a 100 MHz
pulse train and a 2 GHz microwave signal. The performance was mainly limited
by the high V, (31.4 V) of the free-space phase modulator and the high frequency
noise of the VCO. Although the noise scalability has a limitation due to the limited
applicable optical power to the photodiode, with a proper modulator with lower V,
(which leads to a higher (Do) and a better VCO, this scheme can achieve much better
noise performance. In particular, its extremely simple electronic configuration - two
photodiodes followed by a passive RC loop filter - provides much simpler interface
between optical and electrical domains compared to the other techniques.
The second version based on a balanced optical-microwave phase detector could
achieve long-term stable (<3 mrad over 1 hour) microwave signal extraction from a
mode-locked laser at the frequency of 10.225 GHz and the power level of +10 dBm.
This excellent long-term phase stability is achieved by electro-optic sampling of the
microwave signal with the optical pulse train in a differentially-biased Sagnac-loop
interferometer. The relative short-term out-of-loop timing jitter integrated from 10
Hz to 10 MHz is 12.8 fs. The long-term timing measurement shows the maximum
deviation within 48 fs over one hour, which is mainly limited by the drift of the
characterization setup itself (up to 41 fs in 1 hour; up to 48 fs in 4 hours). This is
the first time to achieve a 3 mrad-level phase stability of a 10.225 GHz microwave
signal extracted from a mode-locked laser over an hour time scale. The demonstrated
performance is currently limited by the electronic noise sources rather than the shot
noise, and the potential of noise scalability is not yet fully exploited. By identifying
and removing the non-ideal technical noise sources, it is expected to reach shot noise
limited performance with long-term drift-free operation.
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In terms of implementation of these devices, I envision that the high-precision
microwave signal synthesizers based on mode-locked lasers and optoelectronic PLLs
can be implemented both at the instrument level (fitting, for example, in a 19" rack)
and at the integrated circuit level in the near future. With the currently available op-
tical and microwave devices, the balanced optical-microwave phase detectors can be
implemented in an instrument for research laboratories and facilities requiring high-
precision microwave signals referenced to optical master oscillators. In addition, with
the recent advance of microphotonic fabrication techniques and electronic-photonic
integration using high index contrast materials on silicon chips, the optoelectronic
PLLs can be also implemented on an integrated chip in the near future. For ex-
ample, Si/SiN/Si0 2-based system will be used for fabrication of the Sagnac loop,
Si-modulator, Si- or Si/Ge-photodetectors and low- and high-speed CMOS or Si/Ge-
heterostructure bipolar transistor circuits. The integration of the demonstrated op-
toelectronic PLLs on a silicon chip is currently in progress in a collaboration with the
Sandia National Laboratory.
Finally, the potential near-future applications include microwave signal read-out
from atomic optical clocks [88], large-scale timing distribution and synchronization
systems [94], locking a mode-locked laser to a microwave standard, synchronization of
multiple mode-locked lasers to the common microwave signal, and high-precision (and
relatively low-cost compared to the state-of-the-art Sapphire-loaded cavity oscillators)
microwave signals synthesizer in general.
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Chapter 4
Timing Stabilized Fiber Links for
Large-Scale Timing Distribution
4.1 Motivation
Precise optical timing distribution to remote locations is important for large-scale
facilities requiring high-precision synchronization, for example, seeded x-ray free elec-
tron lasers [20] and phased-array antennas [86]. It is also crucial for the high-precision
time and frequency standard distribution over long distances [81, 101, 102, 103, 104.
The conventional timing distribution based on coaxial RF-cables cannot achieve the
required precision, e.g., long-term drift-free sub-10 fs timing jitter level. Therefore,
optical techniques for timing distribution is highly desirable for such high-precision
large-scale facilities.
In the envisioned timing distribution system, the timing signal in form of an op-
tical pulse train generated from a mode-locked laser is distributed to the remote RF-
or optical-subsystems that we aim to synchronize with minimal excess noise. The
use of optical pulse trains from mode-locked lasers for the timing distribution has
many advantages [105] compared to the cw-transfer techniques [106], such as: (i) any
harmonic components of fundamental repetition rate can be recovered at the end
stations; (ii) the group delay of the fiber link is directly stabilized; (iii) Brillouin scat-
tering and residual reflections are strongly suppressed; (iv) optical cross-correlation
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Figure 4-1: Timing drift caused by fiber length fluctuations in an uncompensated 300
meter long fiber link. In 100 seconds time scale, timing drift up to 4.5 ps is observed.
can be easily employed for various optical stabilization and synchronization tasks; and
(v) the pulse train can be directly used to seed optical amplifiers. Although there
are two disadvantages in using optical pulses, (i) the impact of fiber nonlinearities
such as self-phase modulation (SPM) and Raman effects [107] and (ii) the necessity
of dispersion compensation for cross-correlation, these effects are not too severe if
the repetition rate of the mode-locked laser can be chosen high enough, i.e., a few
hundreds MHz.
In the implementation of such systems, acoustic noise and thermal drifts intro-
duced to the fiber involved in the distribution must be cancelled by a proper feedback
loop. Figure 4-1 shows the measured timing drift in an uncompensated 300 meter
long fiber link over 100 seconds in a laboratory environment. Timing change up to 4.5
ps is observed in just 100 seconds time scale. Note that 1 Am of fiber length change
corresponds to 5 fs of timing error. The measurement result shows that 3 x 10-6
length fluctuation of the fiber link can easily happen in a minute, and for a long dis-
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tance fiber transfer over several hundreds meters, this creates more than a picosecond
timing error. For long-term drift-free optical timing distribution with femtosecond
precision, this timing error sets a serious limitation. In this Chapter, long-term drift-
free timing link stabilization based on a novel single-crystal balanced cross-correlator
is demonstrated.
4.2 Timing Stabilization
As visualized in Fig. 4-2, the timing stabilization of a fiber link can be implemented
by a fiber length control loop by referencing the back-reflected pulse from the fiber
end with the later pulse directly from the mode-locked laser. In this scheme, if the
fiber length is L, the stabilization bandwidth is set by the pulse travel time 2L/c,
where c is the speed of light in the fiber. For effective stabilization, we assume that
no length fluctuations are faster than 2L/c. This is a valid assumption for a timing
link up to a few kilometers length scale because most of the noise contribution to the
link is from acoustic vibration (within a few kHz frequency range) and much slower
temperature drift. For a 1-km fiber length, the bandwidth limitation is set about
c/2L = 100 kHz.
Fiber link - several
hundreds meters
PZT-based to a few kilometers
fiber stretcher
Mode-locked isolator Output
Laser pulse train
Back-reflected Fresh-
pulse pulse Parta '
reflection Output
T for timing couplerComparison comparison
Figure 4-2: The concept of timing link stabilization by comparing a back-reflected
pulse with a later fresh pulse directly from the laser.
The most critical and challenging issue is how to compare the reflected pulse with
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the pulse directly from the mode-locked laser and extract an accurate timing error sig-
nal. So far, electronic techniques based on high-speed photodetectors and microwave
mixers have been used to stabilize fiber links on a rather short-term time scale [26, 27].
The limited timing resolution as well as large thermal drifts of microwave components
makes it difficult to stabilize links better than 100 fs in a long-term stable way. For
example, typical 10 GHz microwave mixers have -1 pV/fs timing resolution and ~70
fs/K thermal coefficient [77].
To overcome these limitations set by the performance of microwave components
and techniques, it is highly desirable to use optical cross-correlation techniques [76]
for high-resolution and drift-free detection of timing errors between two optical pulses.
In particular, a balanced cross-correlation configuration [44] is preferred to suppress
the laser amplitude noise. Previously, a balanced cross-correlator for long-term (>12
hours) sub-fs synchronization of two independently mode-locked lasers operating at
different center wavelength [44, 79] was demonstrated (more detailed information on
this technique is also presented in Section 2.6). However, this method is limited to the
case of optical pulses with different center wavelengths because the delay between the
two input pulses is generated by group delay dispersion (GDD). It is not applicable
to the case when the two optical pulses have the same center wavelength, such as
the timing link stabilization. In the next section, a single type-II phase-matched
periodically poled KTiOPO 4 (PPKTP) crystal is introduced to construct a compact
and self-aligned balanced cross correlator for precise timing detection.
4.3 Single-Crystal Balanced Cross- Correlator
The single-crystal balanced cross-correlator consists of (a) generation of a group delay
difference between two orthogonally polarized - otherwise identical - pulses, and (b)
broadband second-harmonic generation (SHG) by a type-II phase-matched nonlinear
crystal. Using the group delay resulting from the birefringence between the two
orthogonal polarizations in the crystal enables the implementation of balanced cross-
correlation at the same wavelength. The detected signal is background free, i.e., if
110
To photodiode 2
of balanced detector To photodiode 1
of balanced detectorPPKTP-crystal
Dichroic Group delay Tg Dichroic mirror
beamsplitter between orthogonal polarizations (reflecting fundamental;(reflecting SHG; transmitting SHG)
transmitting fundamental)
Figure 4-3: Operation of a single-crystal balanced cross correlator. SHG, second-
harmonic generation.
the pulses do not overlap in time, the detector signal is vanishing. Moreover, the
group delay and the SHG functions can be combined in a single nonlinear crystal.
For construction of a cross-correlator at 1550 nm, the use of a PPKTP crystal is
especially advantageous because of the extended phase-matching bandwidth of 100
nm centered near 1550 nm [108].
For collinear type-II phase-matched SHG under optimum focusing conditions, we
obtain the following optimum conversion efficiency:
i 2 Z0 & P87r2  df Ppeak,in
?7opt = 3  - 5.68 5ak-. -(4.1)A3 n3  v2
where Zo = [po/eo is the free-space characteristic impedance, A is the wavelength
of the input, deff is the effective nonlinear coefficient, n is the refractive index of the
nonlinear crystal, 1 is the walkoff length, and Peak,in is the peak power of the input
pulse. For input pulses with 200-fs pulsewidth and 77-pJ pulse energy at 1550 nm,
the optimum conversion efficiency of PPKTP is calculated as 7opt,PPKTP ~ 8 X 103.
The measured efficiency with a 4-mm long PPKTP crystal with a poling period of
46.2 pm is 7 - 60pW/15mW = 4 x 10-3, which shows a fairly good agreement with
the optimum theoretical efficiency.
Figure 4-3 shows the operation of the single-crystal balanced cross-correlator. The
input pulses are transmitted through a first dichroic beamsplitter which transmits
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Figure 4-4: Balanced autocorrelation using 77 pJ, 200 fs pulses at 1550 unm. The
trace is clipped by the maximum output voltage of the detector (4 V).
the input pulses but reflects the SHG of the input pulses. The pulses are focused
into a type-II phase-matched PPKTP crystal. The generated SHG component is
transmitted through the second dichroic mirror and detected by photodiode 1 in the
balanced detector. The remaining fundamental input pulses are reflected from the
dichroic mirror and again focused into the PPKTP crystal. The SHG component
generated by the back-reflected pulses is separated by the dichroic beamsplitter and
detected by photodiode 2 in the balanced detector. At the balanced detector output, a
signal proportional to the relative position between the two input pulses is extracted.
Figure 4-4 shows the measured autocorrelation trace of a 77 pJ, 200-fs pulse at 1550
nm using a balanced cross-correlator with a 4-mm long PPKTP crystal (poling period
= 46.2 pm). This PPKTP crystal was designed by Dr. Franco N. C. Wong of MIT
and fabricated by Raicol Crystals Ltd.
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4.4 Demonstration of Timing Link Stabilization
Figure 4-5 shows the schematic for a 310-meter timing stabilized link using the single-
crystal balanced cross-correlator.
194 MHz HWP PBC 1 ...
rep. rateV1
Er-doped
fiber laser
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Dichroic mirror ..
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Figure 4-5: Schematic for timing link stabilization using a single-crystal balanced
cross correlator [109]. EDFA, Er-doped fiber amplifier; FRM, Faraday rotating mir-
ror; HWP, half-wave plate; PBC, polarizing beamsplitter cube; QWP, quarter-wave
plate; R, reflection; SM, silver mirror; T, transmission.
A 194-MHz soliton Er-doped fiber laser [12] is used as the optical pulse source.
The output power is 40 mW and the pulsewidth is 200 fs. Part of the input pulse train
is tapped off by a polarizing beamsplitter cube (PBC 1 in Fig. 4-5) to the out-of-loop
characterization setup. The other part of the light is transmitted through a 310-
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meter long dispersion-compensated fiber link containing a piezo-stretcher. The fiber
link is comprised of -40 meter of dispersion-compensating fiber (DCF) (D 2 ~ -114.3
ps/km/nm) and -270 meter of SMF-28 fiber (D2 ~ +17 ps/km/nm). Half of the link-
transmitted pulses are back-reflected by a 50:50 Faraday rotating mirror (FRM) at the
end of the fiber link. With the FRM, the polarization state of the returning pulse is
orthogonal to that of the input pulse, which enables 100 % transmission through PBC
2 (in Fig. 4-5). Due to the coupling loss of the collimator, the splicing loss between
DCF and SMF-28 fiber and the insertion loss inside the FRM, the loss is more than
10 dB for the reflected pulses compared with the input pulses. To compensate those
losses in the transmission, an Er-doped fiber amplifier (EDFA) is added at the end of
the fiber link. The reflected pulse (measured pulsewidth - 420 fs) is combined with
the fresh pulse directly from the laser at the polarizing beamsplitter cube (PBC 2 in
Fig. 4-5). The combined pulses are applied to the balanced cross-correlator (balanced
cross-correlator 1 in Fig. 4-5). The error signal generated from the balanced cross-
correlator is regulated by a loop filter and applied to the piezo-stretcher in the link
via a high-voltage piezo driver. This closes the timing stabilization loop. When it
is locked, the timing fluctuation introduced to the fiber link is compensated by the
counteraction of the piezo stretcher. To evaluate the out-of-loop performances, a
second balanced cross-correlator (balanced cross-correlator 2 in Fig.4-5) is used to
compare the transmitted pulses through the 310-meter link with fresh pulses directly
from the mode-locked laser.
4.5 Measurement Results
Figure 4-6 and 4-7 summarize the measurement result of the stabilized fiber link.
Figure 4-6 shows the out-of-loop timing jitter spectral density in units of fs//Hz. The
out-of-loop rms-timing jitter integrated from 10 Hz to 100 kHz (detector bandwidth)
is 9.2 fs, where the detector background noise corresponds to 8.2 fs.
The top trace of Fig. 4-7 shows the long-term out-of-loop timing jitter trace
over 100 seconds measured with an oscilloscope. The rms-value of this measurement
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Figure 4-6: Measured out-of-loop timing jitter spectral density [109]. The integrated
rms jitter from 10 Hz to 100 kHz is 9.2 fs. The detector noise floor corresponds to
8.2 fs jitter, which sets the limits in measurement accuracy.
confirms the stabilization to a precision of 9.7-fs. The jitter analysis was mainly
limited by the limited signal-to-noise ratio of the detection. With a higher optical
power level and/or lower losses in the fiber link as well as a lower noise balanced
photodetectors, it is clearly possible to improve the locking performance as well as
the measurement resolution.
The bottom trace of Fig. 4-7 shows the displacement of the piezo stretcher in the
fiber link during the same time frame. The fiber link used in this experiment is not
temperature, vibration, nor airflow stabilized, and the locking is broken purely by the
limited displacement range of the used piezo stretcher (-700 Pm, corresponding to 2 x
10-6 length fluctuation of the whole fiber link). With additional manual adjustment
of the translation stage, the lock could be kept for more than one hour. To the best of
my knowledge, this result is the first long-term 10-fs level stabilization of a fiber link.
It also indicates that adding a motorized translation stage and polarization control at
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Figure 4-7: Long-term out-of-loop timing jitter trace (top trace) and piezostretcher
displacement (bottom trace) over 100 seconds [109]. The rms jitter over 100 seconds
is 9.7 fs.
the end of the fiber will enable to maintain this level of accuracy in synchronization
as long as desired.
4.6 Test in an Accelerator Environment
After the first demonstration in a laboratory environment, the cross-correlator based
timing link stabilization was implemented in a real accelerator environment at the
Deutsches Elektronen-Synchrotron (DESY), Hamburg, Germany. A 400 meter long
fiber link is installed in the operating FLASH (Free electron LASer in Hamburg) free
electron laser. To test the influence of a noisy environment, the fiber is installed
around the circumference of the accelerator hall. To correct the large timing drift of
more than 10 ps, which is beyond the range that a fast piezostretcher can compensate
for, an additional motorized optical delay line (ODL) is installed.
Figure 4-8 shows the timing stability of the fiber link over 12 hours. The timing
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jitter in 100 seconds is 4.4 fs, and the slow timing drift over 12 hours is less than 25
fs. The overall displacement of the ODL was 40 ps over 12 hours. This long-term
femtosecond level accuracy is not attainable with conventional coaxial RF distribution
systems widely used in accelerator facilities. The potential sources of the drift are
imperfect balancing of the out-of-loop cross correlator and the polarization mode
dispersion (PMD) in the fiber link. An additional polarization control loop might be
helpful to avoid the PMD limitations.
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Figure 4-8: Out-of-loop timing jitter measurement of a 400 meter long fiber link over
12 hours in an accelerator environment (FLASH machine in DESY). The short term
(<100 s) timing jitter is 4.4 fs. The long-term drift over 12 hours is less than 25 fs.
Data courtesy of Florian Loehl [110].
4.7 Summary and Future Work
In summary, a self-aligned, single-crystal balanced cross-correlator comparing the tim-
ing between optical pulses at the same center wavelength is demonstrated. As a first
application of this single-crystal balanced cross-correlator, long-term 10-fs precision
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stabilization of a 310-meter fiber link is demonstrated in a laboratory environment.
Further, the same technique is applied in a real accelerator environment, and it showed
less than 25 fs timing drift over 12 hours time scale.
The potential applications of the single-crystal balanced cross-correlator include
drift-free sub-fs synchronization of two lasers operating at the same center wave-
length, fiber link stabilization for large-scale timing distribution, and high-frequency
timing jitter measurements of mode-locked lasers [111]. It is also possible to imple-
ment a compact balanced cross-correlator as a fully packaged waveguide device using
periodically poled waveguide structures in the near future.
As for the timing stabilized fiber link, further investigation is necessary to remove
the slow drift over hours. The implementation of a separate polarization state control
loop is in progress, and the impact of fiber PMD, as well as the wavelength dependent
polarization rotation in the EDFA, will be further investigated. In addition, the ulti-
mate test of link stabilization performance will be done by building two independently
stabilized fiber links and comparing the delivered outputs from the two links.
This timing stabilized fiber link will play an important role in large-scale facilities
requiring high-precision remote synchronization performance. As shown in Section
4.6, the preliminary test was already done at DESY (Hamburg, Germany). In addi-
tion, this timing link technique has recently been transferred to the Instrumentation
Group of ELETTRA (Trieste, Italy) to construct their timing distribution system in
the FERMI-FEL facility in November 2007. Another important application is the
enhancement of long-term stability in transfer of time and frequency standard over
long distances.
118
Chapter 5
Optical Subsampling
Downconverter for
Analog-to-Digital Conversion of
Narrowband High-Frequency
Microwave Signals
5.1 Motivation
Already in the early 1970s, several research groups proposed and demonstrated the
applications of optical components and techniques in analog-to-digital conversion of
electronic signals [112, 113, 114]. Although many researchers investigated various
types of "photonic" analog-to-digital converters (ADCs) over 30 years, any photonic
ADCs have not been used in commercial ADCs to date [115]. The major reason
for this little impact is more rapid advance of electronic ADC techniques in the same
period. However, recently the ADC has become one of the major bottlenecks in mixed
signal circuits and systems because of even more rapid progress in digital electronics.
Therefore, to overcome the current limits in resolution and speed in ADC, photonic
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Figure 5-1: Simplified schematic of the photonic ADC.
ADC techniques regain interests with the recent advance in telecommunication-grade
optical components and microphotonic integration.
The use of optical pulse trains for the sampling of microwave and RF signals might
be a natural idea in the sense that the pulse train resembles the ideal impulse train in
the definition of sampling. However, a more important advantage of using an optical
pulse train for sampling is its much lower timing jitter compared to the electronic
clock signals.
Figure 5-1 shows a simplified example of illustrating the importance of timing
jitter. An electronic signal is sampled by an optical pulse train using an intensity
modulator. The timing jitter (At) of the pulse is transferred to the voltage error
(AV) and leads to the lower resolution when the pulse samples the electronic signal. In
the case of sinusoidal electronic signal, the maximum voltage error occurs at the zero
crossings where the slope is the maximum. A simple calculation gives the relationship
between the timing jitter and the voltage error as
A t = (5.1)27r V
where To and V are the period and amplitude of the sinusoidal electronic signal,
respectively.
For sampling of a 40 GHz signal with 8-bit resolution, which is not achieved
with conventional ADC techniques to date, the required timing jitter is less than
( 25 ps) ( 2 -) ~ 9 fs. This is clearly the range beyond conventional electronic
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sources can achieve (0.5-2 ps rms jitter [116]). However, sub-10 fs jitter is feasible
with optical pulse trains from mode-locked lasers as shown in Ref. [14]. Therefore,
the photonic ADC has an advantage over its electronic counterpart especially for
sampling high frequency (>10 GHz) microwave signals.
The focus of this Chapter is how to sample and digitize a narrowband high-
frequency (>10 GHz) microwave signal with optical pulse trains. This is important for
narrowband radar and communication systems operating at high carrier frequency. In
addition, in the context of large-scale timing distribution and synchronization systems
introduced in Section 1.2, it can be used as a diagnosis tool for the high-frequency
microwave signals. This work is done in a close collaboration with Matthew Park and
Prof. Michael Perrott of the MIT High Speed Circuits and Systems Group.
5.2 Operation
The basic idea is downconverting the narrowband high-frequency (near Nfrep) mi-
crowave signal to the baseband by subsampling with optical pulse train with a fun-
damental repetition rate of frep. Figure 5-2 shows the schematic of the optical sub-
sampling downconverter.
The first step is frequency-mixing the narrowband high-frequency microwave sig-
nal with the optical pulse train in the optical domain. This is done by applying the
optical pulse train with a repetition rate frep to the intensity modulator driven by the
microwave signal with a frequency ~ Nfrep that we aim to sample. Then the spec-
trum of microwave signal is copied at every harmonic of the repetition rate including
at f = 0 (baseband) in the frequency domain, as shown in Fig. 5-2. By lowpass fil-
tering the baseband copy, one can downconvert the high-frequency microwave signal
to the baseband in the optical domain.
The second step is transferring the information in the optical domain to the elec-
tronic domain. This can be done by applying the modulated optical pulse train to a
photodiode connected to an on-chip current source and capacitor.
The final step is digitizing the downconverted electronic signal. For this, a continuous-
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Figure 5-2: Schematic of the optical subsampling downconverter [117].
time (CT) delta-sigma ADC is used. A delta-sigma converter is a widely-used over-
sampling technique. In essence, the baseband analog signal is digitized by a 1-bit
resolution ADC operating at a very high sampling rate in conjunction with noise
shaping and digital filtering [118]. The 1-bit DAC is used to keep the input of the
quantizer at zero in average by a feedback loop between the input and the digitized
output. By this delta-sigma modulator, a noise spectrum is shaped like a highpass
filter that enhances the signal-to-noise ratio (SNR) in the frequency band of interest
as shown in Fig. 5-2. By sending the oversampled 1-bit serial stream to a digital
filter and digitally resampling it by a decimator, one can decode the final output, the
digitized n-bit resolution baseband signal.
5.3 Experiments and Measurement Results
The used optical pulse source is a 193.5 MHz repetition rate soliton mode-locked
Er-fiber laser [14]. It generates a train of -200 fs optical pulses centered at 1550 nm.
The measured timing jitter is 29 fs integrated from 1 kHz to 10 MHz.
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The pulse train is applied to a dual-output 10 GHz LiNbO3 Mach-Zehnder inten-
sity modulator. The two outputs from the modulator are differentially modulated:
=P sin 2 (7r Vin(t))OIL1 = in si2 2 V, 
'
Pont2 = Pin COs 2 (IF V (t), (5.2)
where Pin is the input optical power, Vin(t) is the voltage signal applied to the modula-
tor (that we aim to sample), and V, is the half-wave voltage of the modulator. With a
DC bias Vin,DC V,/2, two outputs are operated in a fully differential way. The used
modulator is manufactured by Lucent Technologies in the 1990s and rented from MIT
Lincoln Laboratory. The exact characteristics of the modulator are unfortunately not
well-known nor documented. Some in-lab measurements revealed that the modulator
shows a large insertion loss both for optical signals and electrical signals at 10 GHz.
In addition, the two outputs have unmatched modulation characteristics that results
in different modulation depths for the two outputs. These problems seriously limited
the performance of the ADC as will be shown later in this section.
The used microwave carrier frequency is 9.4825 GHz. It is set to the 49th harmonic
of the fundamental repetition rate (193.5 MHz) plus 1 MHz (fRF = 49frep + 1 MHz).
A 1 Mbps GMSK signal with a 9.4825 GHz carrier frequency is generated by Agilent
E8267D PSG vector signal generator.
The used photodioes are off-chip fiber-pigtailed InGaAs pin-photodiodes with 75
pm active area (from PD-LD Inc).
The delta-sigma modulator as well as digital electronic part is implemented as an
integrated circuit chip designed by Matthew Park. The custom IC is fabricated in
the 0.18 pim CMOS process of National Semiconductor. The IC area is 0.64 mm 2 and
the power consumption is 47 mW. More detailed information on the circuit design
is presented in Ref. [117]. The ADC is clocked at 193.5 MHz, that is matched with
the fundamental repetition rate of the mode-locked laser. This clock rate provides an
over-sampling ratio (OSR) of 48.4 (= 193.5/(2 x 2)) over an effective bandwidth of 2
MHz.
123
Measured FFT Plot of Digitized ADC Output
50
20
0
0
10
20-
0 1 2 3 4 5 6 7 8 9 10
Frequertcy (Ml z)
Figure 5-3: Measured FFT of the digitized baseband output [119].
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Figure 5-4: Measured eye diagrams of the received I and Q data patterns [119].
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Figure 5-3 shows the measured FFT of the digitized baseband output. The mea-
sured SNR is 32 dB over an effective bandwidth of 2 MHz. The maximum signal to
noise-plus-distortion ratio (SNDR) is 22 dB over the same bandwidth. This num-
ber is much lower than the predicted SNDR of 54 dB assuming ideal case when the
shot noise limited SNR and the modulator nonlinearity limited spurious-free dynamic
range (SFDR) are balanced.
This discrepancy is mainly originated from the imperfect optical components.
First, the mismatching between two differential outputs from the optical modulator
resulted in imperfect suppression of the 2nd order distortion. The measured SFDR
was limited by the 2nd order and not the 3rd order harmonic component. Second, the
large insertion loss of optical and microwave signals at the optical modulator reduced
the dynamic range. It turned out to be that only 5 % of usable ADC dynamic range
was used in the experiment [119]. Finally, the used photodiodes were not matched
pairs and had limited linear range (<1 mW).
Despite of the limited performance, the ADC could digitize the modulated signal
with wide-open eyes in the eye diagrams as shown in Fig. 5-4. Note that this eye dia-
gram is generated directly from the digitized ADC output by performing decimation,
demodulation and filtering on the data using MATLAB [119].
5.4 Summary and Future Work
In summary, an optical subsampling downconverter is demonstrated for analog-to-
digital conversion of narrowband high-frequency (>10 GHz) microwave signals. The
measured maximum SNR and SNDR of a 1-Mbps GMSK signal at 9.4825 GHz carrier
frequency are 32 dB and 22 dB over 2 MHz bandwidth, respectively.
This result is much lower than the theoretical prediction, 54 dB of peak SNDR in
a 2 MHz bandwidth at 10 GHz. The performance is mainly limited by the nonideal
behavior of the used modulator and photodiodes. However, these limitations can be
fixed to a large extent by using improved components.
There has been great progress in high-speed optical modulators in recent years.
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For example, 40 GHz dual output LiNbO 3 modulators with V, of 5 V are commercially
available. Moreover, the use of linearized modulators [120] can greatly improve the
nonlinearity limitations imposed in the conventional sinusoid-response modulators.
Matched-paired photodiodes with extended linearity over 10 mW are also available.
The next version experiment is in progress with improved optical components and sig-
nal sources. With state-of-the-art optical components and even lower timing jitter (in
1 fs range) from more carefully engineered mode-locked laser sources, the envisioned
performance reaches 60 dB SNDR up to 100 GHz carrier frequency.
More generally, photonic ADC techniques have a promise in achieving high-speed
and high-resolution ADC performances in the near future. Not only the narrowband
case shown in this Chapter, a more general broadband ADC can be implemented, for
example, by a time-stretched pulse demultiplexing approach [121, 122]. The photonic
ADCs can be implemented by commercially available discrete optical and electronic
components at an instrument level as it is done in this Chapter. A more attractive and
interesting future direction is implementing the entire functionalities on electronic-
photonic integrated circuits (EPICs) [122]. It will be exciting years to come for
the photonic ADC research and development community whether it can demonstrate
ground-breaking results that electronic counterparts cannot achieve and finally have a
"real" impact on commercial and/or special-purpose ADCs after 30 years of research.
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Chapter 6
Conclusion
6.1 Summary of Work
In this thesis work, high-precision synthesis of ultrafast optical pulse signals and
phase-stable microwave signals from low-noise mode-locked lasers is studied. The
distribution of optical/microwave signals to remote locations as well as the diagnosis
of microwave signals with optical pulse trains are also investigated.
Coherent superposition of multiple mode-locked lasers can synthesize shorter,
more intense, or even 'arbitrary' optical pulses that a single mode-locked laser cannot
generate. For demonstration of the high-precision synchronization between inde-
pendent lasers, ultrabroadband prism-less Ti:sapphire and Cr:forsterite mode-locked
lasers are used. A broadband 50:50 beam splitter with matched group delay dispersion
is designed and fabricated for efficient pulse combining and splitting. Subfemtosec-
ond (<0.4 fs) timing synchronization over 12 hours is demonstrated with a balanced
optical cross-correlator. In addition to the timing lock, phase synchronization to a
3-MHz local oscillator with subfemtosecond accuracy (<0.5 fs) over 1000 seconds is
achieved. To reduce residual timing and phase jitters well below optical cycle, noise
eater and orthogonal controller are implemented. Drift-free subfemtosecond timing
and phase synchronization enables phase-coherent spectrum over 1.5 octaves that has
a potential to generate single-cycle optical pulses at 1 Mm.
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Mode-locked lasers can also synthesize low-noise microwave signals. Although
mode-locked lasers can produce ultralow-noise signals as a form of optical pulse trains,
the transfer of stability from optical domain to electronic domain is a highly non-
trivial task. The excess noise in the photodetection process hinders long-term stable
extraction of microwave signals. To build a drift-free interface between optical and
electronic domains with minimal excess noise, an optoelectronic phase-locked loop
based on electro-optic sampling with a differentially-biased Sagnac-loop is proposed
and demonstrated. Long-term (>1 hour) 3-mrad level phase stability of a 10.225 GHz
microwave signal extracted from a mode-locked laser is demonstrated.
The timing information in optical and microwave signals needs to be distributed
to remote locations for effective synchronization over long distances. When using
an optical fiber for the pulse delivery, acoustic noise and thermal drifts induce large
timing fluctuations. It should be cancelled by a length-correction feedback loop. A
single type-II phase-matched PPKTP crystal is used to construct a compact and self-
aligned balanced optical cross-correlator for precise timing detection that conventional
microwave mixers cannot do. A 310 m long fiber link is stabilized with long-term sub-
10 fs accuracy. The timing link is also installed in a real accelerator environment and
showed less than 25 fs drift over 12 hours in the first test.
The use of optical pulse trains for sampling of high-frequency (>10 GHz) mi-
crowave signals can be beneficial because of the ultralow timing jitter of mode-locked
lasers. An optical subsampling downconverter for analog-to-digital conversion of nar-
rowband high-frequency microwave signals is demonstrated in a collaboration with
the MIT High Speed Circuits and Systems Group. The measured signal to noise-and-
distortion ratio (SNDR) of 1-Mbps GMSK signals at 9.5 GHz carrier frequency is 22
dB over 2 MHz bandwidth. It has a potential to increase this SNDR up to 54 dB
with better optical modulators.
The devices and techniques presented in this thesis provide a platform for large-
scale femtosecond (and potentially subfemtosecond)-precision timing distribution and
synchronization systems.
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6.2 Future Direction
High-precision measurements and controls have enabled to access new regimes that
were not accessible before. In this thesis work, I strived for making ultrashort and
ultralow-noise optical pulses access such new regimes in precision by developing new
optical-electrical hybrid approaches in signal synthesis, distribution and diagnosis.
Because tomorrow's world will need even higher speed, higher accuracy and higher
control capabilities, from basic science to consumer electronic products, the use of
optical pulse trains will find more applications. One important direction is how we
can implement the high-precision optoelectronic functionalities such as phase-locked
loops, analog-to-digital converters, and intra- and inter-chip interconnections on a
silicon chip with conventional CMOS circuitries. We can generate optical and/or
electronic clock signals with higher speed and much lower jitters, implement high-
speed, high-resolution analog-to-digital converters for software radios, or make mul-
tiple chips working together with higher efficiency by high-density interconnections,
just to name a few applications.
The high-precision accuracy does not need to be confined to an IC chip. It can be
disseminated over long distances too. In this context, another research direction lies
on the improvements of timing distribution systems. By optimizing cw and ultrashort
pulse delivery schemes, precise clock signals can be delivered anywhere it is necessary.
In this way, for example, remonte clock distribution and synchronization exclusively
done by the global positioning system (GPS) can be replaced for certain applications.
In the near future, we might be able to create large-scale networks with femtosecond
precision.
129
130
Appendix A
Control of Femtosecond Laser
Frequency Combs
The frequency comb dynamics can be analyzed in an analytic way using soliton per-
turbation theory [66, 125]. In this Appendix Chapter, the major steps and results
are reviewed.
The pulse dynamics in a mode-locked laser can be described by the "master"
equation [123, 124] in the time domain in a form of nonlinear Schr6dinger equation,
A(T, t) ~ 92 92 2
TR O L (g -- 1)+ Df +2  A + D2 t-2 I 6IA I A(T, t) + Lpert
02 A(T t)
= DirrevA(T, t) + jD2 a2 - 61A12 A(T, t) + Lpert (A.1)
where A(T, t) is the pulse amplitude, TR is the round-trip time, T is the long-term time
variable of round-trip time scale, t is the short-term time variable, 1 is the amplitude
loss for round-trip, g is the amplitude gain, Df is the gain filtering coefficient, y
is the saturable absorber modulation coefficient, D 2 is the second order dispersion
coefficient, 6 is the self-phase modulation (SPM) coefficient, Lpcrt is the perturbations
(in amplitude, phase, frequency and timing), and Dirrev is an operator describing the
irreversible dynamics in a mode-locked laser, i.e., Dirrv = g - 1 + Df -- + y1A12.
Let's first consider the case without perturbation. The pulse train amplitude can
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be written as
A(T, t) a(T = mTR, t)eg[2 rfc{t-mTR-Q- 2mL}]
=- cc
(A.2)
where a(T, t) is the pulse envelope, fc is the optical carrier frequency, v and vp are
the group and phase velocity in the laser cavity, and L is the laser cavity length.
The steady-state solution a(T, t) has a form of a soliton:
a(T, t) = Aosech t ) o
T
(A.3)
(A.4)
with the soliton phase shift
o = I6A2 =- ,
2 0 T
where AO is the amplitude and r is the pulse width.
From Eqs. (A.2) and (A.3), the pulse-to-pulse carrier-envelope phase shift AOCE
is given by
A#CE = arg(A((m + 1)TR, t) - arg(A(mTR, t))
= 2irfeTR
)2L 
- 0 0
VP )
1 - g 0.
VP
(A.5)
Then the carrier-envelope offset frequency fc,, is expressed as
AqCE
21rTR
=fc (1 - -~ A 2frep,47r (A.6)
where frep 1/TR is the pulse repetition rate.
Now, let's consider the case when perturbations exist. The solution of the master
equation is then a soliton-like pulse with perturbations in amplitude, phase, frequency
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f ceo
and timing, plus continuum.
a(T, t) = [(Ao + AAo)sech t At + ac(T, t) e-j~oTITR ejPtei/o (A.7)
with pulse energy w0 = 2AOT.
If the dominating perturbation is the self-steepening of the few-cycle pulse [661,
i.e., the variation of the index during an optical cycle, it can be included by adding
the following term to the master equation
Lpert = (I 2 A). (A.8)27rfc Ot
The timing shift by self-steepening is
O6t(T) A 1 6A 2
TRA=(-- 0 (A.9)OT self-steep V 27rfc
Then feo result in Eq. (A.6) should be changed by this effect,
f 1 ( 1 v" 6TA 2  a At(T )
Leo =fc _ 'A frep + fc
J P 4 fr f T self-steep
og S2fc + AOfr,. (A.10)
fc Vp 47rP
Note that the sign of (5A'frep/47r) term is changed by including the self-steepening.
This effect is also confirmed experimentally with a Ti:sapphire Kerr-lens mode-locked
laser in Ref. [66].
A change in group delay due to the Kerr nonlinearity also changes the optical
cavity length and the repetition rate as
6A 2  2 6A2
A frel = -fr2eAt(T) = 2_p frep, (A. 11)
f self--steep self-steep 2 fc r
where mo = fc/frep is the mode number of the carrier frequency.
For control of femtosecond laser frequency comb, an intra-cavity energy change
Aw with an AOM in the pump beam and a cavity length change AL with PZTs in
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the laser cavity are used. Now the dependence of fceo and frep on Aw and AL will
be derived.
From Eq. (A.10), the feo depends on the intra-cavity energy change Aw and the
cavity length change AL according to
Afceo
frep AL=O
JArAw
4 0 (A.12)
and
Afceo
frep Aw=O
= mo (I - V9  AL
VP Lo
(A.13)
From Eq. (A.11), the frep depends on the intra-cavity energy Aw as
Afrep
frep AL=O
2 SA2 Aw
mo 47 wo
(A.14)
The cavity length dependence of frep is naturally given by
Afrep
frep Aw=O
AL
Lo
(A.15)
From Eqs. (A.12) to (A.15), the fc,, and frep dynamics are summarized as
Afceo 6 AAw 1
= 0 + m0ofrep 47r wo
-V 9 ) AL
vo LO
and
Afrep _ 2 6A2 AW AL
frep m 0 47r Wo Lo
Finally, the change of each comb line position (Afm) is expressed as
Afm =mAfrep + Afceo
2m A2 Aw
0 +
mO ) 47 wo mo -9)VP
134
(A.16)
(A.17)
ALl
LO_
- m frep (A.18)
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